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' . ' BOPSWORD . ' • * 

• • *• 

Ed Begle recently remarked that curric^ular efforts daring .the I960'?? 
taught us a great deal about how to teach better mathematics, but very 
little about how to teach mathematics better. The mathematician will, 
qvite likely, agree with both parts of this statejitent. The layman, the 
parent,' and the elementary school teacher, however, question the thesis 
that the "new math" was really better than* the "old math-" At best, the 
fruits of the mathematics curriculuia "revolutio|f" were not sweets Many 
judge them to be bitter. 

* 

While some viewed the ciirricular changes of the 1960's to be "revolu- 
tionary," others disagreed. Thomas C. O'Brien of Southern Illinois Univer- 
-sity at Edwardsville recently wrote, "We have not made any f^dariental 
change in school mathematics."! He cites Allendoerfer who suggested that a ^ ^ 
curriculum which heeds the vrays in which young children learn mathematics * 
is neetjed-. Such a curriculum, would be based on the understanding of chil- 
dren's thinking an^ lea.ming. It is one thing, however, -to recognize that 
a conceptual model for mathematics curriculiam is sound and necessctry and to 
ask that the child's tanking and learning processes be heeded; it is qvdte 
another to translate these ideas into a curriculum v^hich ccui be used effec- 
tively by the ordinary elementary, school teacher working in the ordinary^ 
elementary school classroom. - ' ' 

Moreover, to propbs^e that children's thinking- processes should serve 
as a basis for curriculum development is to* presuppose that curriculum 
maker^.agre^ on what these processes aife. Sujh is not the case, but even if 
it were, curricuWlm makers do'TiotT^gree on. the imp-lications which the under- 

stcuiding of these thinking procasises would have for curriculuw development. 

* ' 

In the real world of today's elementary school classroom, -where not ? 
much hope for .drastic changes for the better can be foreseen, it appears 
that in order to build a realistic, yet sovmd basis for the mathematics 
curricnlum, children's mathematical thinking must be studied intensively 
in their usudi school habitat. Given an oppottunlty to think freely, chil- 
dren clearly display certain -patterns of thought as they deal with ordinary 
mathematical situations encoiintered daily 'in tiieir classroom. A videotaped 
record of the outward manifestations of a child's thinking, uninfluenced by 
any teaching on the part of the intsrviewer,. provides a rich source for con- 
jectures as to what this thinking is, what mental structures .the child has 
developed, apd how the child uses these structures when dealing with the or- 
(Jinary concepts of arithmetic. In addition, an intensive analysis of this 
videotape generates some conjectures as to the possible sources of what adults 
view as children's "misconceptions" and about how the school environment* (the 
teacher and the materials) "fights" the child's natural thought processes. 

The Pro jec*: for th j Mathefnatical Development of Children (PMDC) ^ set out 



l"Why Teach Mathematics?" The Elementary School Journal "73 (Feb. 1973) , 258-68 
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to create a more extensive and reliable basis on which to build mcthematics 
currioaijm,. * Accordingly r the eir?)hasis in the first phase is to try to underr 
stand' thi children' sMntellectual pxirsuits, specifically their attempts to 
acquire some- basic mathematical skills and concepts, 

"the PMDCf in its initial i>haser works with children in grades 1 .and 2. 
These- grades s^e^m to coirorise. the crucial years for the development of bases 
for the future leaming^ of mathematico# since key mathematical concepts begin 
to f6rm at thesd grade levels. The children's matheniatical development is 
studied by means of: . • > - - 



J 



1. '^One-to-one *vxdeotaDed interviews subsequently analyzed by various 



• individuals. • * 

2w Teaching. e:q)e'rimehts in which specific variables are observed in a ^- 

* group teaching setting with "five to fourteen children. 

3. Intensive observations of children in their regrilar classroom setting. 

4'. Studies •designed to investigate intensively the effect of a parti ciilar , 
.'variable or mec^um on communicating mathematics to young children. ^ ^ 

5 /Formal testing r both qxoM^ .aite one-to-one.r designed, to provide further 
insights into young children's mathematical knowledge. 

♦ . * ' ^ • , ^ 

The ?MDC^ staff and the Advisory Board, wish to report the Project * s activ- 
ities and findings to all who are interested in 'ma^thematical educacdon. One 
means for accon^lishing this is the PMDC publication program. ^ 

Many individuals contributed to the activities of PMDC. Its- Advisory 
Board members are: Edward Begle, Edgar Edwards , Walter Eiak, Hanee Henry, 
John XeBlanc, Gerald Rising, Charles SiiJoaJt, ^Stephen Wilioughby ^d Lauren 
Woodby/ The principal investigators are: Merlyn Behr, Tom/Pfwiiark, Stanley 
Eriwanger, Janice Flake, Larry Hatfield, William^McKillip Eugene D. Nichols, 
Leonard Pikaart, Leslie Steffe, and the EyalAator, Ray Carry. A special ^ 
•recognition for this publication is given to (the PMDC Publications Committee, 
consisting of Merlyn Behr (Chairman) , Thomas 'Cooney and Tom Denmark. ^ 



Director of PMDC 



* 



viii 



PREFACE , 



.This publication, is intended to share with the reader information 
• about a teaching experiment designed to teach the concept of equcdity as 
an equivalence relation to a selected group of first grade students. The 
contents of the publicatidn include a rationale for conducting the study,, 
the design of the study^ selected samples of the instructional mateyials^ 
stammaries of the students' performances during the instructional program, 
cuialyses of the students' .performances on a series of evaluations designed 
to assess 4±eir understandings of equality,^ and suggested recommendations 
for "curriculum planning. *' ^ 

Thanks aire due J:q Max Gerling for. the videotaping/ to tfie PMDC admin- 
' istrative assistant/ Janelle Hardy, for coordinating the technical aspects 

of the preparatior^ of this publication, *to Maria Pitner ,for editing the 
^.manuscript, and -to Joe Schmerler and Julie Rhodes for the typing. 
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• ' I. INTRODUCTION ? Q STUDY 

* ^ The long range goal for the Pj^oject for .the Mathematical Development • . 

of Children (PMDC) Was^ to biiild a more thorough *and rej.iable basis for the 
' design and development of a' mathematics curriculum. It was the aim of the 
-% , PMLJ staff to formulate a rationale^ for the construction of a mathematics 

cufricuiiin, based, on .the ways in vhich children learn mathematics. The 
achievement, of 'this goal necessitates a realistic understanding of chil- 
dren's attempts to acquire basic mathematical skills cind the understanding 
of basic mathematical concepts. , Thus / during the initial phase of the 
projec*t (1974-76)., the thrust of .the various PMDC activities was directed 
toward obtaining an -under standing of the mathematical thinking pf young 
.children, ages 5-8. The' original long faiige operational plan ^or* PMDC ^ JS' ^ 
.provided for an expansion of the investigative efforts to other age levels 
in subsequent years. ' • - ^ - 

. The emphasis in PMDC .studies was placed on the children's acquisition 
of, kno\^ledge .related to .topics in thve mainstream* of the mathematics cugrric- 
uliimr-name ly — hu^nbel^ concepts ^_ numeration (place value), and operations 
" such, as addition and subtraction. The scope- of ^pme -investigative ^studies, ^ 
' however,, was sufficiently broad to cover concepts, and .skills related to^ two 
^ or more of the above topics . For example, several *PMDC investigators (Behr, . ^ 
Denmark, McKillip, and. JJichols) investigated -children's understanding ot ^ 
^ mathematical symbolism. The work of ^ these investigators during ,t:he first ^ , Jj 
year of .the oroject provided* the impetus for this study. 

- * * • . • / ' 

• • BACKGROUND ''FOR STUD? * .a 

.Preliminary PMDC Investigations ^ " . " 

Two PMDC investigators, Behf and Nichols) conducted open-ended inter- ^ 
views with children in grades 1-6 to determine' what meaning, if any, 
symbolic sentences, have to children.. In ^'d^^icular, these investigators ^ 
were interested in" how children view the^^oo'^cept of equality. Their f ind- 
Lngs-HBehr, Erlwanger, And Nichols, 1975 )\ indicated that children ^interpret 
the equals sign (=*) as .an operator and not ds a relation symbol. That is, 
children vxew the equals .sign (=) as a symbol which indi/cates the Ideation 
' of tfhe ah'swer~to a problem and not as a siTiSbol which denotes a relation 
between two numbers. ^ 

< ' • 

- They found children at each grade level, especially in the lower 

grades, who could not adequately explain the meaning of sentences such as 
'5 = 6 and 1 + 3 = 2 + 2 in terms of^a relation. Regarding the first sen- 
tence, a child might explain that 5 = 5 means (-1) that five Jjlus zero ^ 

, ^ equals fi ve, or (2) that five minus 2e? :o eq uals_^i-va — In^ost-^ases— t-he- ■ 

child_would rewrite or change the sentence to^show the implied (in their 

^ view) operation, for example 5 + 5 = 5 or 5 - 0 = 5. Without identifying an ^ 

operation, implied or written, most children could not ascribe d^meaningyto 
a sentence ^like 5 = 5. In only a few interviews, and rarely in the lower 

grades, did they encounter a child who would explain that 5^_=^5 jneans the _ _ 

nurtibers are the same . 
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Cfiildjfen greneraily tended, 'to T^^w sentences like l + 3 = 2 + 2as the** 
statement of te^o' separate problems Frequently,* children changed -the above 
seatarices. as. follows^v^ 1«+ 3 = ^l. 2 + 2, = 4. In some interviews^, the child 

• explained that it was wtQng to write 2+2 after 1 + 3- Their reason was > 
that the answer shauld b^ written ^after the proiaiem* An alternate interpre- 
tation of a sentence like 1+3 = 2 + 2 was to view it as one problem, / 
changing- the symbol. = to a +/ either mentally or in writing* Unde'r thi's ' - 
intexpretatiph/ the child would, indicate t^at the ^answer was 8. Intfepest-- . 
ingly, some children explained that the sentence cj^uld be viewed ^s both^^ 
one problem and as two problemk * Only a ^few children indicated by their 
Interview responses thaJ>l-+*3 = 2 + 2 means that 1- +. 3^and.2'+ 2 are" names 

' *f or the "saiife mimbeifr^' - 

Denmark foupd that' most first and second graders in his interviews 
feltvthVt a^senterfce like 1 +* 3 = 4 + 2 was all right. However, they* 
, explained that one plus three equals four, ignoring the 2, or they inter- 
preted thfe sentence as either one problem or two problems as. in the discus- 
sion above • *' • . • 

-The -PMDC investigators also observed that most children wei;e not 
. wiilihg t& 'accept written s-tatements of the form a = b + c or a =.b - c as 
:being correct. Ti]eir reason for rejecting statements in «these forms was 
that the "answer" comes after the problem. Interestingly, some children, wjio 
^rejected the written statements, accepted oral statements like " six equals 
,twp plus four" as being correct, and in some instances used such sentences 
as .they discussed mathematical problems in interview sessions. These obser- 
vations <*f children's behaviors are another indication .that the typical 
student apparently learns to interpret the equals sign, (=) as a one-direc- 
tional operator ( left- to-right) . Thati^is, children do not learn from their 
experience^ in a typical mathematic^|instructional program to view the 
equals tsign (=) as a symbol which demotes a relation^ be.tween two numbers, 
and in particular, they do not seemingly detect the sytianetrical property of 
equals- through their work in solving igquations which are . typically pre-' 
, sented^in any one of the following fcjrms: a+b = cor.a-b = c. . 



The investigative studies by the 
three schools in two different , cities 



PMDC investigators were conducted in-,- 
Xhere were no significant, differences 



in' the mathq|atics curricul'a'''^^r the three schools, and these curri'fcula are 
representative "of , the mathematics instruction provided for most children in 
American schools. There were. However^ considerable differences among the . 
• student populations as indicated by measures of general ability (IQ), 

academic achievement, and socioeconomic variables. The factors noted above / 
together with the fact the observations on children's behavior in inter- 
preting the meaning of the equalS -siqA (-)'w ere the same in all three 
— s^hoolsT^suggest ,that the tendency of? children to view equality in written 
statements as an operator is perhaps aXuniversal phenomenon. The PMDC 
investigator? were primarily concerned about young children's concepts of 
equality; however, studies conducted by other researchers indicate that the- 
conceptualization of ^the equals sign (=) ks an-(5perator is not restricted 
•to young children. Summaries of these researcji. efforts' are provided in the 
, following paragraphs. 



other Riesearch .Findings * ' 

Considering, the iciportance pf written symbolic sentences to the totcil . 
mathematics curricului}— the written s^apiJbolic form is the primary mode for 
pi^esenting developmental exercises / drill eJcer^rises/ and ejfaluation ques- 
tions — it is somewha€ surprising /that the effects of symbolic structures on 
student performance have not been- studied more extensively. In one such • 
stud^f Seattle and Deichmann (1972) found that, among first anji second^'graders 

.,.the error rate for horizoiV^al Structures is 'higher- tjian that for vertical- 
structures. These ^:esearHlers r however, did not rejMrt differences in efrCr 
ratBs between -leic and right' f(5isu5^f horizontal sltitences^ a <» b = 6 (left) 
and, a ^ b » *c (yight)\ In other studies # for example a 'study by Grouws 
{iyf2)\ th^ effects of the location of the place holder (variable) on ^'"'^ 
studen^?|#:hievement have been invest^igated, but the se^ten^es in these * , v 
stuljiies^ were Restricted to one form only: a ®,b^= c* An exception to this 

Jgenei^al rul^ was a study conducted by Weaver (1973). In this study-Weaver 
Investigated* the* effects of tha. location of the place holder on student 
performance (grades 1-^) , but he included in th'e domain, of test questions 

' sentences of the ^orm a^. b « c. By <5>mparing' student performances on pairs 
of symmetrical forms,^^or example '3^ + 2=0 and □ =_3l + 2^ he found a 
greater error ratp f6r problems in the fcrm a = b » <?• He also noted tha^ 
the differences "in error rate s^*for^ the two forms decreasea as'tfhe grade 
level increased. The. results from^liis ^tudy, howeyer/do not suggest a 
plausiblfe ^ause for th.e differences in the error rates, ' exceg^fbat^tli.e-2-< ^ 
students participating in the study -wei^e generally uhfamHiar with sen- 
tences of the 'form a = b'* o c. >• 

• *■ i , ♦ ^> ♦ * 

. . i * • • ^ " ' » * 

A study by Renwiclo, conducted in 193^, provides the mo5t direct. support 
for the validity of observation:; made by tlVe^MDC investigators. In ^his 
study, Renwick wox^cing* with' girls agedV8-14'^obser^ed that "most students 
used the eqx^als sign {=) as a symbol of distinction; whose functiqn/is to 
separate a problem from its a«swer, rather than *to bridge two rftimerically or 
quantitatively equivalent expressions." RenwicJj attributed the students' , 
interpretation of the equals, sign (=*). in this ipanner to their early train- ^ 
ing in'ferithmeticv. She also noted that stjiidents seemed to prefer the usage 
of the t^rm^ '^same" and "alike'*'to "equaisJ'- , ^ ' 

Thfe Qbservatioa that students tend to view the equals sign (=) as a ^ 
one-dir^tionai operator was also noted i^ a study conduc'ted by Frazet ^ 
(1976) . Frazer provided a group of college freshmen with instruction^ on the 
. "plus" f orm >of the distributive propeiity: axb + axc-=ax (b + c); 
another group with, instruct ion on -the ".times" form or- the property: 
ax{b + c) « ax b + ax. c; and a third group with 'instruction on both'^rms. 
Her' resultsLindicated that students who studied only one foftn of the proper^ 
ty were less 'likely to transfer the symmetrical property of the generaliza- 
tion to a new application than were students who studied both forms. From 
these vresblts Fra':er concluded that the students who studied' only one form, 
♦of the distributive property generally did not demonstrate an awareness of 
the symmetrical prope^rty of the equals relation. * ' ^- 

V - , ' ■ ^ . s . 

. , .The results from a 1976 study by Anderson indicate (that second graders 
who receive^ appropriate instruction on equality as a relation can learn to 



interpret the equals sign as a symbol which denotes an equivalence 
^elation'between two numbers or expressions. Xn particular , Ander-son -rioted 
that students assigned to the experimental, treatment were more likely to 
accept sentences of the. forms a-= a, a b = c + d, and a + b = c + a as 
being, ccfrrect. • ^ ' . . ^ • , ' . 

r ; ^ 3 ' ' * 

The results obtained from the .above studies provide some siipport for 
the hypothesis that most students do not develop ^ concept of ecfual^ity as an 
equivalence relation fr/^m their experiences in a traditional mathematics 
curriculian. ^.^d^ further r a probabJ^ cause* for their failure to do so is the 
inadequacy of ^ the treatment of equality in most instructional programs. 



Treatment of Equality in Representative Textbook Series ^ - 

> Ten 6f the most popular elementary mathematics textbook series '(^tudent^ 
-books and' teacher's manuals) currently cused in< elementary bchools wer* 
examined to obtain one indication^of the extent to which equality as a 
concept is inclucjed in elementary mathematics curricula* Based oh datra 
"otJtained from this survey it would appear unlikely that a student would 
encounter a systematic /instruct:ional program which presertts equ-^lity, itx 
-particular an interpre'tation of the equals sign# as a relaticri between two 
^rs. For example? 'in half of the textbook series .examined, including 
Qe of the mos^ widely used series , there is no explicit Instruction which 
prea^nts the eqrals 5ign^ as a symbol which denotes a relation between two 
nuniberS^jin four series there is some attem^r to trea^*". equality as a rela*- 
tioiif but such initnipt ion is -usually restricted to one or two pages at the 
beginning, of the book and in some series there is po instruction on. equality 
at one or^more grade levels. In only pne textbook series is there evidence 
that ah attempt is' made to sys tenia ticcilly teach equality as a relation ' 
throughout the year at each grade level* ^ . • 

The fact that the vast majority of elementary mathematics textbook 
series include little, if any, instruction cn equality as a relation sug- 
gests a very piansible explanation as to why most children do not interpret ^ 
the equals sign {=) as a symbol which denotes a relation between tvjo num- ^' 
bers. That is, to express tHe explanation in more vernacular terms, "If the 
children haven't been taught ic, how would we expect them to know it?*' , 
Implicit in ,the acceptance of this explanation is aii assumption that if the 
relational concept of equality is taught to the^ children, then they are 
capable ot learning it. Since th^rv; is no reliable evidence which supports • 
the latter assumption, one mu^ searv*:h further for an explanation as to why 
many children do not learh^^;^ view 'equality, especially when expressed in 
symbolic notatioh, as an equivalence relation. ^ ^ . * 

Summar y ' / • 

Observations of students' behaviors in situations which provided an 
opportunity for students » to express their interpretation of symbolic sen- * 
tonces* involving, an' equals sign suggested to PMDC investigators that the 
typical studant in"^the primary grades learns to view the equals sign as a 
• - 1 ^ ' 
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one-directional /(left-to-right) operator which. connects a problem and its 
-ranswei^rTAnd" these observations, with support from other studies, 



indicate that ma^ students in higher grades, even at the college level, 
dp not. develop a concept pf^^n equation as an expression of a relation 
between two numbers* bather, these older students cling to the notion tl^at 
an eguals, sign is a symbol which separates a problem from its answer. This 
viewpoint may be one possible, explcmation for the difficulty many students 
. display in -a variety of situations- such" as: ' • • 

'^^ 1.^ Complete 43 = □ ; 

>/>^ 2 Complete 8 + ;5 = 8 + □ + □ ; 



' \ 3;;^ Interpret 1 + 2 = 2 1* - " . . 

_ These observations of students* conceptions or equality raised two 
.significant questions: (1) ^Is it possible to teach young children to view 
,eguality^ as a relation? gind {2) If a-student learns to accept equality as 
feiation, will this enhance the learning of bthef concepts and skills? 



. • ...I, . ' . - .PURPOSE OF STUDY ^ ^ 

V, The .study which is the subjfect of this report was designed, to fulfill 
the .following/ three purposes:^: ^ . - ^ ;;a ' ' ' ^ ^ 



^,1> To teach f^irst graders the concept^of .equality "as a relation • 

.2. -To study the effect of understanding and adteptance of ,the .relation 
' . concept of equality upon the learning of (a), nximefation and ex- 

i)anded notation °and ^b) the tens in addition.' ^.^^ 

3: To extend the study to investigate the effort of .understanding this 
concept of equality , upon addition and subtraction of tw-digit 
' ^ " numbers with regrouping. . 7 ' 

The decision to conduct the study at the.^firsjt:_grade lev.el was based on the 
fact tHat it i3 at this grade level that a student typically encoui\tars 
sjTtibollc sentiences which express the concept of equality • 



^IITTTHE^STUDY 



DESCRIPTION OF POPUIATION 



The study was. conducted in an elementary school (k-5) located in Talla 
^hassee, Fforida^ Approximately 400 students attend , this school. The school 
serves a predominately^ low socioeconomic communii^^,. but one-third of 

.the' studen-ts -are chiUdreli "o^f students attending one of two ^uriiye^s.ities 
.located within** one mile of the school. " . " " 

, Approximately 100 students, were enrolled in the first grade at the 



-■-^ ^ .jl 

beginning *of the school year* .These^students. were assigned, to one of three 
•sec'tibnsv but -no -attempt was -maacii'to group the children homogeneously. The 

students pairticipating in the '^lady were selected* from among those students 
-assigned' to one section. This/section was selected by the principal of the 

schoolv. ^ . • ■ • ^ 

' During the second week /of .school three tests were administered to each 
.stuci.ent . ^The ptis-Lenncn MehtallAbility: Test was a ?roup test . 'The. KeyMath 
piagrios tic Arithmetic Tfest and the. PMDC Achievement^Test: Grade One were 
;a^inistered In individual interview sessions i The data from these t^sts 
^pto'vided the following information about the students (15 males and 18 fe- 
male's) assigned to this section; The mean^IQ -was 89,. The jfi measured ranged 
•from 5.8' to isi. The median IQ score was .84, and the standard deviation was 

■^167; The ^ineaiT total Score w the KeyMath test was. 34- (G.E.^l^.Q.).^ ,The^ t^^^^ 
scores on the KeyMath iiest ranged from 8 .{G.E. less than 0..5). to 73. (Q.E. 

- 2^4) J' Th^vmedian, .score was 35, and the standard deviatioa was 15. The itiean^ 
totai /score, on the. P^1DC test was 19.1 (49% correct)*. The total PMDC scores 
range ?from 3 (8%) to 37. (95%). The. median. score Was 19.7 (51%) ; the s'tan- 
dard. deviation was. 9. ' • * . y ^ . ' » . 



DESIGN OF STUDY 

*■ ' < - * ♦ , 

- Overview , ' " . ^ 

The ^purposes* of -this teaching experiment were (1) to teach a group of 
firsts graders the concept -of equality.-as a relation and (2). ta^ Study the 

'?eif ects of such instruction on (a) the learning of expanded notation, (b) 
bridging 'tens in addition,, and. (c) the addition and subtraction algorithms 

^with:- regrouping .—The-eyperimen't^ treatment was provided for a small group, 
seven- students., in order that intensive observations ^f students* behaviors 
.could, be made oh a dayrrt6-day basis. A control group was identified to 

.provide a comparison base. Evaiuatipn data were obtained from Observation 
notes/^^frbm tests administered by^the principal investigator, and^from 
"interviews conducted by external- evaluators. 



•Selection of Students 



Seven matched pairs, fourteen students, were selected as' subjects for 
the torching experiment. The matched pairs were selected to provide a strat- 
ified sample pf the-^total class population. The prpcedures for selecting the 
stratified sample are as' follows: , * ~" ^ " 

' • * . . ' ^-^^ 

' l.cj'h^* students; wer^ rcink ordered according to their total scores on • 
. tlTe-it4yMa'th test. , , - ' 



2. The scores -were partitioned into three groups. (The regular class- 
room teachers assigned to students to one of three groups for math 



*The mean total score for the PMDGf^testing population (185 students) was 
22.'9 (59% correct) . ' \ 



Jo: 



-instruction*) .The-.high. scores correspond to G*g* 's^ of 1.5^ o,r above** 
The middle scores corresponded to G.E.'s between- 0.8 and I A. The 
low scores represented G.E.'s pf 0.7 or lower. 

.V 3. the decision was made to form two matched pairs from both the high,_^ 
and middle groups and three matched pairs from the low group. This'j 
selection reflected the distribution of students in the three 
instructional groups formedJby the classroom' teacher. 

4. Matched pairs were formed by - selecting students with approximately 
•the same total KeyMath scored. If three or more students had essen- 
tially the same KeyMath scores, the following variables Were then 

considered: sex, IQ, age, and total PMDC scores. 

. * 

5. After .the..matched:_pair s Weire JEormed, the regular -classroom-^eaeher 
was asked to evaluate the pairings. With the exception of one pair, 
middle group, the .peiiring cpnf ormed to the teacher's evaluations! 
of the students' performances in mathematics,. , Since she had i>laced 
one of the^'Students in the palrsin^^the. low-xgroup, a suitable ^ 

. replacement wasv^ found for this student. \ " ^ '\ ^ 

6. A student in each matched pair was Randomly assigned to the experi- 
. mental group. The other^ student was assigned to the control group.. 

The assignment, of students to' the experimental and control groups 
was. completed by tnid-O'ctober. From, this data until mid-November, 
when the experimental treatment began, , the^ pro je.ct staff began 
.collecting observation data on the students and providing special 
instruction #or those studehtjs^ assigned to the experimental group 
who had not attained a specif ied 'set* o£ prerequisite skills. During 
this interim period, three students assigned to the control ,gr6up 
withdrew from scl\ool. Replacements for these students were selected 
from among those students who^had not been previbus}.y selected to 
participate in the study. , * 

^ > ■ • . 

The final set of matched* pairs did not provide the^ precise matching"' of 
students as had be,en obtained in the original set, but the differences among 
the^ -variables- .used in t;he matching process were small. Data pertinen t to the 
matching prpcess are reported in Tabl.j 1 on the ~f<3fl^owihg page* The data ' 
presented^in Jable„ l indicate that studen ts in the experimental group gener- 
ally had slightly higher scores on the .two mathematics achievement tests and 
were plder than, the students in the control group, but the average IQ for 
the control students was slightly higher. Both groups included four girls 
and^three boys, ^rtie parents of the students constituting Pair 2 were foreign 
students attending one of "*tfie^ ^locaFlSniversitiesT - 

' T.eachihg/DbservationtJVssignments ^ 

- ' ' * The principal investigator for this study had the responsibility for 
.teaching the experimental group. Each day during their regular math period 
these students were taken to. a room which was reserved for this study." The 
students in the control group remained in their regular classroom and 
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2 
3 
4 
5 



Table 1 " 

Student Data:'-Experimental--and' Gontrol Groups 



Experimental 



Control . 



Pair ^ KeyMath PMDC IQ Sex Age 



KeyMathT PMDC 



IQ Sex Age 



73 . 
55- 
45 . 
37 
26 . 



35 
27 
27 
20 
18 



.131 
109 
109; . 

83 ' 

80 



M 
F 
F 
M 
M 



6-8 
6-6 
6-5 
6-8 
6-8 



66 
47 
45 
34 
20 



36, 
25 
25 
20 
15 



124 
97 

100 
97 
74 



F 
M 
F 
M 

M 



6-8 • 
6r6 
.6-2 
5-8 
5-11 



6;' 29 • II '72 F 5-11- 27 10 ' 78 - F 6-1' 

7 20" ^ 12 ■ 73 F 6-3 ' - :22 13 ^ .84 F 5-10 ; 

Mean 40.7 21.4 93.1 6-5 ' 37.3. 20.6 96.3/ . 6-1- 

. . _ , i t ' ' ' ^ ■ • • 

- ' [ • 7 : - : ^ ~ 

received their mathematics instruction from the' classroom^ teacher. 

Two graduate assistants were assigned to this study for the purpose of 
obtaining observational data. One graduate assistant observed the experimenr 
tai group and the other observed the control giroup. The graduate assistants 
rol^ated, their observation assignments: in two week intervals: 



Instructional Materials 

^ : ' . • • ' ^ ^ ' " , „ 

' Stfudents in both the experimental and the control groups received their 
mathematics instruction on preliminary concepts and skills in their regular 
classroom. This instruction was/based^, primarily on the' content included in 
the first forty pages of Holt School Mathematics: Book One . This content » 
included the following concepts .and skills, 

— L.^ -One-to-one-corresporidence . ^ — - 

2 . /CJb'unting sets, N ^ 9. ^ - ' ^ * 

3. More/ -less/ one more, one less. ' ' ' 
^^.^ — ^L..4.^0rdering^setsj. 

"5." fteading/writing ^numerals, N ^ 9. ' " " " - 

6. Empty set. 
* , . 7w -Ordering numbers. 

- A*^j:dijia_l nu mbers: fi rjt through ninth. 



^tudehts---in-the-^experimenta-l^roup--iii'd"not continue their work in Holt 
School Mathematics: Book One beyond page 40 / since page 41 in this textbook '. 
marked the introduction to addition. Students in the control group continued 
using Holt School Mathematics; Book One throughout the school year. ' 

^ . ^ ' . / * 

Students in the experimental group were provided with special instruc- 



tion^.l ,inaterials» These materials were designed to delay the introduction of 
mbst ^conventional symbolic structures until later in the schQol year^ 
Specifically, from the time the experimental tre atment began, mid-November , 



rtSTTJart of April the. students worked with symbolic sentences 
of the form; a = b o c or a Q During this period the students were 
introduced to the following topics: 



1* Concet)t of equality* 
'2* Basic .addition facts, sum ^ 10* 
3» Missing addends ♦ 
4. Basic subtraction facts, minuend 
5\ jGreaterJthjaui and less than* 
6. Place value, N < 19» 



^ 10. 



-Betailed lists -o^f .specific concepts and skills related- to ^ach of the above 
topics are Reported in Appendix A. 

The conventional' symbolic forms'- were introduced to the experimental 
students during the latter part of April. Selected: pa^es from -Holt School 
- Mathematics; Book One were used for this instructio'nal unit* Also,' sections 
from ' Holt ^School- Mathematics;,. Boole One were- used during the latter part of 
the^.school year to provide the^ primary instruction on money,* time, geometry,' 
fractions, and measurement and to provide supplementary exercises on place 
value, the hard addition factsv^^and the addition, and subtraction algorithms. 
•Special instructional materials, reflecting 'the experimental treatment, v/ere 
also "written, for later topics. See .Appendix' A for Jist$ of .specific 'concepts 
and skill's related to these topics. '^(^ 

. The'^de\]relopment of concepts and ^ills in the experimental treatment 
was based on the ^use of a modified version of the ,Ohaus School Balance 
.(Figure D*. ' ^ /o ' . • 




Figure 1 
Modifie_d, Ohaus_SchobUalancevx. 



Modifications of the balances were made b/ Damon Incorporated. These modifi- 
cations included; 

1. The design of a set of pans, without sides, whichvwere partitioned, 
by color to show. either one, two, three, or four regions. 



2\ The design of a set of metal weights consisting off ^units' (1 jr 1 x i 
^ cm, weiqhin a or a ro s^^nd ton e 1— x— 10 cm> weiufi ±ncr~3tj grams) • 



~3» A change in ftiethod of attaching the pans to that the scale would be 
insensitive to the location of the weights on the pans* f 

'4* The addition of a detachable shelf to the back of the scales^ 

5."^ An enlargement of the pointer which indicates when the.scate is in 
a balanced position. 

> 6.. The attachment of a wooden block above the^ fulcrurj* to hold the 
- — 'following- signs: . =/ <. / zl» 



The instructional materials written tor each lesson iir~th^~^xp5rimental 
treatment included the following components: r'^ ^ 

1. A detailed teacher's guide which contained (a)\a s^tatement of the 

lesson objectives; (b) a list of ma€erials;, and ^(c). a specific 
^ sequence of balance-demonst-rat-ions-and^ related, que^ations. 

' ,2.^A set'-of developmental exercises. V - . \ ^. 

3. A set of drill (practice) ' exercises. ' 

Selected lessons f^m each of the major unl'ts are included in Appendix B. 



Evaluation Procedures 



■■ V 



Data pertaining to the experimental students* underst^inding of equality 
were obtained from three primary sources: observation notes, a test adminis- 
tered by the principal J.nvestigator; and test administe^^^ 

^vafiTatoFsTAisessment data for students in 'the control cfroup were obtained 
from two sources: observation notes, and tests administered by the external 
\evaluators. 

Observation procedures . One .gr^Juate' assistant observed each experimen- 
tal lesson. The observer was provided, a notebook containing' a copy of the,, 
instructional materials and blcink pages for recording observations. This 
observ:er recorded the students* responses and/or reactions to each increment 
in the developmental component of a lesson. During the practice (drill) ^ , 
coi^nent-of— a-4fesson/— the- observer^clos.ely^observed the^ work of two oi: 



.- three^st^dentS7--notring:7questions-^aird~^<^^ , efFor s made , and the strate- 
gies 'iased in solving problems. The selection of students for intensive 
bbservatioh was changed each day, so .that each student "was observed at least 
'|wp^imgs~eal2h~'^eekvTT^ and the observer mqt after the 

lesson to discuss the students* performances duj^^ing the" lesson.. ^Periodically , 
the experimental class periods were videotaped to obtain additional observa- 
tional^data an^ to provide arl evaluation of the observational notes recorded 
by t^he observer. Summaries of the observation .notes, by major topics, are 
contained in Appendix A. - • 



The graduate assistant assigned to the control group observed each. 



student tor an extended period at least twice a week* The observer noted the 
topic being studied, the students' performance on this work, and any in- 
struction provided by the classroom teacher on the leaning of equality • A ' 
summary of these notes is provided in Section III. 

•Internal Evaluation . To, supplement the data on the experimental stu- 
dents' interpretations of equality, and in particular their-view of this 

.,^oncept in the context of a symbolic seijtence, the principal investigator . 

-•^administered a test (Appendix D) on symbolism at the^'end of the school year. 
Most of 1:he items on this test required the, student to establish a relation- 
ship between a symbolic, sentence and a balance* Thus^^^the, primary purpose^ 
this posttest was to obtain an, indication of the students' ,ponceptualization^ 

.w-2f_^9!i^lity .as related to a balance model. This data therefore provided a 

base for* compa ring tji'e students' Interpretations of e quality in a famiTiar 

setting with their view of equality in more^ neutraf^situations, that is, the 
tests; administered by /the external evaluators. 

■ '/: ' 



c 

^'The posttest was, administered in individual interviews *by the pr^incipal 
investigator and the ^graduate assistants. The test was administered^ in four^ 
par,ts. The times for ^ cdriple ting the tptal test, ranged between 45 minutes and 
one hour*'* Each interyiej^^^'was videotaped. \ \ . . /• • , ' , 

^ External Evaluations . Three * assessments of the experimental and control 
students' interpretations of equality were made by external evaluatori, PMDC 
principal investigators who were not direbtly involved in the execution of 
the ^experimental treatntent. These tests (Appendices D, E, aind F) were admin- 
istered in December, Marcji, and June. The external evaluators designed each 
test/ ^consulting with t^^principal[ investigator to deteinnine whe.ther or .not 
specific .problems were '|ppropriate in terms of the ^topics ^ covered in the 
students' instructional program* The external evaluators administered each 
test and eva'luatisd the students'" perfoinnances. ' * 



Each test was administered in an individual interview setting. Each 
interview was videotaped. The average completion times ranged between 15 and 
'20 minutes. ' • , . . , ' 



LOG OF ACTIVITIES • ' 

»- 

The preceding sections provided descriptions of the various materials 
and activities related to the design an3 conduct of this ter.ching experiment* 
^This section provides a chronology of impori-anf Avi^ni-c^ .from- the -i-neeptidn-of- 



tiie study .in July 1975 to its completion in June 1976. Detailed lists of 
specific concepts and skills included under eaph major topic ^are provided in- 
Appendix A. [ ^ 



July ' • . , 

1. Preparation of a prospectus for a teaching, experiment on equality. 

2. Approval of the prospectus by the PMDC Advisory Board. 

11 



/ 



August 

1. Selection of , project staff . 

\ '2* Specifications for modifying Ohaus balance submitted to Damon 
Incorporated* . ' ^ 

3» Arrangements made with a local school for the conduct of the 
study* • '» ' 

U Preparation of * an outline for the instructional program. 

September - Mid-October? " 

1. 3tu dents-comp3:ete P MD C te s t bat-bery^ ^ 



2i Students receive instruction on basic number concepts and skills 
from qla^sroom teacher.- ^ . ' 

%3. Initial; selection of experimental and control groups. 

4. Instructional materials for. the following topics are writttn? 
eguality, addition/ missing add^ndsy and subtraction. 

- Mid-^October - Mid-November 

^^-^1. Experimental students given prerequisite' skills test, 

2. Studenta^jwho have not "attained certain prerequisite skills 
receive appropriate remedial instruction. * • 



3. Students who hav e attained tlTgrP.gigrequisite^skills. receiv^l - 
instruction which promotes mastery of^^hese^kills and/or 
instruction on topics such as non-metric geometryT^time^^ and 
graphs. No student instruction directly related to addition;^ 

• subtraction^ or equality. " . > 

„ 1 - ^ . . ' * 

, 4. Balances arrive. 
Mid-November - Mid-December ^ ' * ' 
. . 1 . Ex perimental, treatment begin s^ l. J 



2. Topics covered JLn this period include: concept of equality and 
addition » sum < 6. • , 1_ — : 



3. First assessment by external eyaluators. 
January ^ ^ 

1.' Topics covered during this period include: ^missing addends; 
subtraction, minuend ^6. * ' * x 









... ... .... ... .. ■ -'^^w^ij -^ '"K/J- 
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i 


i 
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. ' ' * 
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February ' ^ \ 1 






• 


1% 


Topics covered during this period include: addition i missing 
addends r and subtraction, sum/minuend < 18; "addition, sum 10 • 




[ • 




March 


\ , * 






• 


!• 


Topics covered during, che first part of tliis period include; 
ipissing addends and subtraction! sum/minuend < 10* 








2. 


Second assessment by* external evaluators^j i * 










Topics covered during the last part of this period include: 

time (textbook); greater than and less thanl * ^ 








Apri. 1 












Topics covere'd during this period include: place value, N £ 29; 
addition, sum £ 14. 








2. 


students are introduced, to conventional ^symbolic foj?ms (review 
previous topics by completing exercises in ^textbook) • 




- *^ 




.. . . 3* 


One student in the experimental ^group transfers to another school- 








Mav 




* 








Introduction td sentences of* the form a + b c + <J. 








2. 


Continued drill on hard additioit facts, ?place value, greater than 
and less than. ' j , " $k • - — - ^ — — ' ~ ~: 




:4 ' 




3 , 


Additional topics covered in regular textbook during this period^ 
include: time,, calendar, money, geometry, and fractions-. 


/ 






^\ ^ . 5. 
June 


Students participate in PMDC Spring "testing program. . 

\ 

Introduction to addition and subtraction wijih 2-digit addends and 
minuends. - • - , ' 


* • 






" - 1 • 


Posttest administered by principal iitvestigator. 

i- — — — 




: - 






'Third assessment- by external evaluatoirs. 

— - — — . *^ \f 


^ f ■ . *' 








III. EVALUATION RESULTS * 








*• ^\Inf ormation pertaining to the students* ccmcept of equality was ob- 
taine^sfrom three sources : Observation Notes, a posttest ^administered by the 
principals^^investigator' (internal evaluation/, and a series of three tests 








. \ ■ ' ■ ■ ' ' • ■ . 

X , ~ • . ^ . • 















administered *by extemal^vaIuators._Data obtai^ from these assessments. 

-are, reported below. 



OBSERVATION NOTES 

Experimental Group o 

* Detailed summaries of the students' behaviors are reported by major 
topics as Appendix A. Changes throughout the school year in the i>tudents' 
•perfceptions of equality and of symbolic sentences are described below. 

, * > 

1. Prior to* the beginning of the >experimental treatment, all students- 
. ^ had acai nrf^d the gy-in^ r^f nf^^fz^^ir^^q^..^;:k^i>'h-^>t^-^ -the' same 'niunbe r 

of members as well as with, more meniers than a given set. All b'ut 
two students were -able to constsruct sets with less, one more, and 
^ohe less members, than a given, set. 

2. All students understood the concepts: weighs the samjs and weighs 
more, (heavier) . Also, the students,' behaviors indicated that they 

'\ understood conserv.ation of weighf^in -the: following context: If ,an 

object is moved ^from one side of the bararice to /the other side^ ^jbhe 
\"*' weight 'does not change. ^ ' ' . 



3-* xThe students readily learned, through their experience in working 
With a^ balance, the following generalization: The number of unit 
weights is the same on each side of the scale if, and only if, the 
pans balance. * . 

4. At the beg inn ing_ of, .the experimental -tre?tmentT- four students knew , 
the equals sign (=) . That is, shown the equals sign they would say, 
•^^Equals." None ^of the students knew the not equals sign (j^) . 

5. All students learned to read sentences of the forms a = a and a J^^b, 
— and to dtoonstrate^^he- meaning, of such^ sentences by- constructing a 

correct balance modei. 

6. Al l^st udents readily learned to complete sentences of the form 
a O ^ with either an equals sign (=) or a not equals sign (j^) . 
Three students could coi?iplete'*tli€se sentences without the aid of a 
balance, after worJfing five or six exercises. 

7. ' All s tudents learned to comp .le-t.e_^ehtences of the forms a = □ + □ 

and Q = a + b. After some experience in using a balance, the stu- 
dents' behaviors indicated that they verified the correctness of 
• their solutions by comparing the number^^of units on each side of the 
balance rather than on the position of the p^ans — that is, equal if 
the pans were level," not equ^ljjyif one pan was higher. 

8. In one instance as the students were completing equations of the 
form: 0 = 0+0 two students- turned the worksheets around so 
that the equations, were of the 'form: Q + O = O . These students 
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- - -successful:ly;jcom5l*eted-^is' exerci'^ but the? balance models 

they constructed ^were reversed 'to the form of the equation. For 
example, they constructed a iaalance model to show 5 = 3 + -2, but 
wrote 3 + 2 = 5'. ' ^ 

9. With the exception of one student # the students readily learned to 
solve missing addend problems: a b' + and a = □ + b. 

10. After some 'experience* in-using a balance to solve addition and 
missing addend equations, the students* did not always rely on a 
strict 'dne-td-one correspondence between the balance model and the 
equation. For example, to solve 5 = 3 + □ they might set up the . ^ 
balance to show 5=2 + 3. <^ . " . 

11. The studentis^ learned, with some^.^dif^iculty , to use a balance to ^ 
solve subtraction sentences: a = □ □ and Q = a - b. The ^if^i* 
culty did .not appear to be with the conceptualization of subtraction 
(take »away),. Rather, the difficulty seemed. jbo be j^ith the complexity 
of the' steps involved in solving such problems .on a balance. The 
students, however, quickly learned t±at ,the difference sit (left 
side) could be constructed by counting t^e units -^remaining on xhe 
right, side of the balance. 

12. " As- noted above, in the introductory lessons oh equalit;^.,. all stu- ^ 
— : dents could detect an equals or not equals relation •?r6m' a balance 

model. However,, only two students were successful in extending the s^ 
skills to the determination of greater than or less than relations, s 

.13^.- The students readily accepted' thF^qui valence oi<iO. units and one 
ten (long) . However, two students need'ed considerable experience in 
using tens (longs) , before they would consistently use a ten in 
constructing -^a. set to. show a number greater than- or equal to tan. - * 

' ' 

14^ The stuoonts had" no difficulty in learning to complete equations 
like 14 = □ + □ as 14 = 10 + 4. However, only two students could, 
...solve equations' like □ = 10 +_4, without the 'aid of ^a balance. 

15. At the beginning "of the experimen'^^J^^^eatment, when addition, 
missing addend, ^nd subtraction equatioris^^gre^fjj^^ introduced » the 

, students exhibited.no difficulty in distinguishing among .the three 
types of sentences. But during the study, as sums and minuegds were 
increased in magnitude in a spiraling curriculum, three students 
began to mal^e numerous errors which could be- attributed to the 
misreading (non-reading in some casas)^of the probliem. 

16. The students readily accepted the conventional forms of writing 

' 'addition and subtraction- proVlems:. a + b = D,a-b=D, a a 

^ - ib/ lb. 

However, in constructing a b^alance mode^l to solve 'such problems? 
they generally constructed the addend sets and the minyend set on 
the, right side of the balance. Three stqdents tended to cd>}fu"s&^ 
equations of the form □ + a = b with 0 = a + b, and^ a + [^'i='*b 



with 'a = □ + "b; but when asked to read aloud the sentence they 
interpreted, such -sentences correctly. 

17 • Except for one student, the students experienced considerable frus- 
tration in learning to interpret an& to model sentences of the form 
a + b = c + d. Their frustration seemed to be due to their^ tendency 
to interpret, such sentences as a single problem to be solve, rather 
than as a relationship between two problems. By using 2-regi6n p^ns 
.on each side of -a ^balance the, students eventually -learned ^tQ, com- 
^ . * plete' equations^ like a + b = c + D' and to determine; whether- equa- 
, 7" tions of the form a + b = c •+ d were correct or not correct. Based * 
on observations of their work, it was evident .that the students "were 
_ aware of the fact that the balance showed an equals relation if and 
^2 only if the mimber of units on both pans were^ the. same". However, 

only one student exhi)Dited evidence- of an awareness of a relation 
^between two problems. ; ' * 

18. The^prospectus for this teaching e:^eriment on equality included a 
study of the students' concepts pf ""equality i.i^the context of learn* 
in'^ the addition cand subtraction ^algorithms with regrouping. This 
aspect of the study was not \in<3ertaken because the majority of the 
students did not progress to the point that they Vere ready, to lealrn 
thQ3e skills in the time allocated, tb the' experimental, treatment. 
However, the students, except, two, learned to 'add and subtract 
/ 2-digit numbers without regrouping. , 

The" ab ove remarks on the gbservatipns_of .the^.students- .behaviors^ ^g5,est 
^that Qie^siudents learned to view the equals sign (=)^as a symbdl vrtiich 
'indicates a sameness of ntunber relation. In particular, -a balance shows an 
•^y^ls relation if and only if each .sid"e -of the ^balance has the* same number 
of units (a ten was. accepted as being equivalent to' 10 units). However, with 
the exception of one student, their view of equality was in a sense one- 
. directional/ regardless' of' the written- form':--of *the_equatd^^ That is, in 
addition to denoting a sameness of number relation between ~a7^roblem,, and its 
answer, 'the equals sign was also^ a symbol which identified (pointed out in" 
a ^ sense) the location qf the answer, either "on the left. or the right side of' 
the equation. Only one student .exhibited evidence ^J viewing_to 
*as a symbol which denotes an equivalence between two expressions*, thus 
•indicating that the two expressions are- names for the same number.' 



Control Group " . . . ^ ' 

♦ , 

Students in the control group were assigned to one of three gi^oups for 
mathematics ^instruction. The students were grouped on the basis of achieve- 
ment in mathematics. At the beginning of the experimental treatment, mid- 
November, twro\of\the control students were in. the high group; two were in^ 
the middle group; and three were in the low group. After the Christmas break, 
one student was moved from tae middle to the high group, and one student in 
the low group' was moved to the mi&dle group. Thus, for most of the school 
year the distribution of control/Students among the three groups was as 
foilbws: 3-high, 2-middle, and 2-low.^ - ^' 

16 , ■ .• - , 
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The primary source of inst)5ucti,on for all three groups was Holt Schoo\ 
Mathematics: Book One\ The classroom teacher provided supplementary exer- *** 
cises^ through Ijoardwork, worksheets, gawes, and some work With ^manipulative 
aids. By the end of the year, the high and middle vgroups, had^ essentially 
covered all ot the textbook. This instruction included work through additi" 
and siabtraction with 2-digit numbers, without regrouping* -'The high group 
received some supplementary exercises, bo«rdwork in particular, which was 
directed toward the development of a mastery of the concepts and skills 
taught. The work for the students in the low group was generally, restricted 
to easy addition and subtraction problems » sums/minuends less than or equal 
to 10. , ' . ' ' < . 

Ok 

None of the .stiidents in the three groups received explicit instruction 
related to the development of equality ao an equivalence relation. The 
students cwere told that the symbol = \tas an' equals sign, but they were 
encouraged to read equations like 3+2=5 as- "Three plus two is the same 
as five**'*- In th^ oifocess of being introduced to the vertical" for^s,.- 

a . a ' , V . . ^ ^ ' * 

+b' / ^? students were, told that the line under the second number 

sto.od*fqr the eglials sign. Otherwise there wa^ no specific instruction on . 
the equals sign. ^ * » ' . * 

* The students in .the qontrol group worked almost exclusively with equa- 
tions* of the form a © b = c. An exception to this practice occurred when the 
students were studying* different names for a number. In the introduction to^ 

"this desson to the high .and middle groups, the teacher wrote, for examgle, 
.6 = on the board and asked the students to complete the sentence in as 
many ways as they could, the "^students had no probJ.ems in interpreting* the 
meaning of these questions, ©ne student wrote 6'^ 6, but when the teacher. ^ 

.-asked .the student to write something else, the student wrote 6 = 6 + 0. 

- INTERNAL EVALUATION ' 




The-sStudents in the experimental group* w6re administered a test, 
^developed by the principal investigator, during the last week of ^school. 
This test was designed tb,^ assess •the^following: (1) the students' profi- 
-ciency in computing addition and subtrSrction facts, (2) the, students ability 
in vising ^a balance to solve problems, (3) the students' ability in inter- 
preting a. balance model, and (5) the students' knowledge of 2-digit numbers. 
This test w&s adriiinistered in four jiarts, each in an interviev; setting which 
was videotaped. A copy of the test presented. in Appendix C. t ' 

The results from ths posttest administered by the principal investigator 
provided the following ihfonnation. ^ » ^ • • 

\ " * ' ' ^ , 

1. All Students demonstrated that tHey could re^ad 2-digit njomerals, 
n < ,30 and could use the tens rods and ones cubes in constructing 
sets on the balances. All bjiit two students demonstrated that they 



*6ne student in the original experimental group transferred to another school 
after. the spring break, mid- April. 

.. 17 



J 



could count dimes and^ pennies up to 



30 



cents* 



11 



4. 



2. Four of ^ the six students demonstrated .that they knew the ineaning of 
bot}> more aiid^less. • ^ ^ . 

Y sir: ~~. . ^ , ;^ ---^ :' 

3. Four ofi the J^ix- students* demonstrate^ that they could, conjplete 

*i sentences Of the form a Q gb + c and a +, d O c by using ^ or in ' 
the cfrclVi. HoWever; .only one o^f these students ejchibited evidence 
Cthat the position .of the perns (levq^l or not l^vel) was related' to 
whether equalsVpr not equals was the appropriate relation. The other 
'Students based their cmswe^rs= on- a relationship between numbers, after 
th^y, computed the sum of tiwo numbers. *^ , 

Alf st.udenjis. demonstrated that they c^uld use a balance ^to solve 
equations of the" following forms: a + b- Q; Qs^a + b; a-b. = □ ; 
□ a - b; a =*d b; a - □ + .Q ? a + b. = g: + □ • Sotne students ^ 
however, were not^successful in showing the solutions to some ^ ^ ^ 
problems. It was observed .that in each csise where an error occurred/ * 
the student had hot pj.aced the pan,^ on the balance to, establish an 
appi^opriate uDne-to^one correrspondenca between the*. regions on the 
.pans and the equ^ion. For example^ to, solve 5 + 4 Q^^ , ^^^^ stu- 
dent^, set up the balance as either | / j ^^' f^ | } A [ [ | - 

Theser 'students :pvit' 5 units on, the. left side of, the' balance Mj&'V 
units on the right* side. Three of thes^ four ^students added a fifth. - 
*unit to the right side and wrote 5 +'*4 '=» 1. The other added 5 and 4 
on her 'fingers ands^^rote 5 + 4 = 9. . 

Altog^tljer there were 10 problems 'for wfiich the student had -to 
P1m€ p^uis* on the balance before solving the equation-^ Thus "there 
.wis a to'tal>^of 60 responses (six students/10 problems) . The following 
atrix^ shows the relationship Aetwe^n the way the students -placed, the 
pips o'h^the balance and their subsequent demonstrated profic"lency in 
- the balance to solve. , an'' eauation. \ 



Appropriate placement of pans 





Yes 


No 


^ «— U^^essf ully * ^ Yes' 


3a 


11 


show^ed solution 




to equation 






• • on balance. .No 


" 0 


Ix 



The data in the above matrix si\ggest that an appropriate placement of 
pans on the balance enabled the student to demonstrate successfully 
the solution of the equation on the balance. However, with axi^ inap-^* 
propriate placement of pans, the students demonstrated acceptable 
solutions in ^ly 50% of the case^. 



It .should be noted that during the 'instructional phase of the 
. sjbudy the students- did not experience situations in which the^ had-^^ 
■ to- place pahs on. the- balance before solvrtig an eq.uation. £ 

\. .^There were four items on the final test in which t]ie pans were 

ap^dpJiately placed on the balance by the interviewer befqre the 
, .stu^eii^tvwas asked to sdFlve ah equation. In two cases- the- equations 
were of/the form a + Oranci in two cases the equations were 6f^^ 

the, form □ = a + b.^ - - ' . - 

In all four cases each student was successful in using- the ' • 
\ balance to solve the equation. X 

_ »» 

>^ .There were two ^opportunities for the' students to construct a balance 
I model of an eqiiatibh of the form a = b. + c.^*In each case the inter- 
\ viewer had appropriately placed .tiie pans on ^:he balance. 

. All six^students constructed s.uccessfully constructed models^ , 
- for both equations. ' • r» *^ 

7:. There were five items jn the test .for which _the student' wa^ asked to 
describe the model which hkd been set up on the balance.. Only e^n 
oral response was required in two cases; in the other^ three cases 

- the students were asked to write a- sentence to describe tlie model. 

Only two students sui::cess fully completed all fiVe items. Two 
other students demonstrated success on two, of. the five items / an'd' 

the -other two students were unsuccessful on all five it^m^ 

/ ' < ' ' ' • 

- The.-most- f requeht '5rr9r'(pral desf^ription) ^was the mere 
recitatiop o:^nmnbers. shown without any reference, to an operation or 
to the _fequalg_relatiq n. For example the ;Student s^^^ 

.seven/ five" when the balance was set up to show 12 =,7 + 5. Iri two 
instances, the student reversed" the order of" the operation and the 
equals relation in the oral description. For example^ >"Twelv^pius 

' seven' equals xive." * • O 

In one iM^m the .balance was set up* to show 5 = 3 + 2. Two * 
students^ who were not successful on all five description items . 
-wrote the correct equation. The other two students wrote 5+3 =l2. 

^ - ^ ' ' \ ^ . . - 

" t'. When the balance was set up to show ^4 4 6r^3 5, the'four 
students ,who were not successful on all fiv,e description items 
wrote, in'each case, an .equation or an ^expression which involved an 
, operation. *Typical responses w.ere of the form 4 + 4, or 4 + '4 = 8,. 

. cr 4 = 4 +- □ I-nterestingfy , the two students, who^wfote acceptable 
equations, wrote an equation which involved an operation. For 
example, instead of writing 4 = 4, one student wrote 4 - 0 = 4^. and 
rather than iwri ting 3V"5 or 3 <'5, one student wrote 3 ji 3 + 2." 

8. Five o/ the' six ^ students exhibited evidence th^t they could relate a 
b'alance model Wich had been set up' to s^how a given equation to a 



second equation. .For example, given the s(Ltua*tion where the balance 
-had :been set -ypyto show 12 = 7 + 5, the student qpuld modify the 
. ,given. model^tplshow 11 = 6 + ^5 by removing one unit from the set of 
.'12 and one unit ftom the set^of ?• Or in -another case given the 
^mqdel to .show 11 6 + 5 . to show 11 = 5 + 6 the student inter- 
; ; cfiahged the. positions of the^ sets of 6 and 5 or sin5)ly observed that 
• the given model, also represented the- second equation;, 

9, All students, demonstrated, an ability. to read equations of aH-typest 
• ^ addition, subtraction, missing- addend, * 

:10. All students demonstrated a high degree of proficiency in computing 
basic addition and subtraction facts, presented in either" horizontal 
or vertical form. As part of. the* final evaluation the Students were 
. given three computation. , tests r easy addition facts, easy subtraction 
> facts, hard additioh facts. The students had the option of using, 
; theipr- balance to answer problems on each test,* but none of the 
students elected to use a balance to compute easy facts.' The results 
on .the-»t^sts of basic facts are ^reported -in Table 2. , ^ 

^ ^ Table "2 . ' 

\ ' Data "Prom Computajbiori Tests: Final. Evaluation * - . 

" . . * Number-^of ' Correct Responses h ' 



Student 



Easy Addition . Easy Subtraction Hard. Addition Total 



(15) , 



(15) 



(36) 





, ,15 

0 


r 


i5- 

'15 - ■ ' 


6 


• 36 




15 • 

* 




15. 


. > 6 


36 - 


.5 . ^ 


•■ .15 




' 13 


4 ■' 


. "32 


- 6 . 


' 15 . 


s.- 


15 


5 


35 


7 , 


15 




• -13 


6 


34 ^ ^ . 


loean 


15 




14.3 


5.5 


34.8- 



*Studeht 2 did not take this test. 



Errors on the easy subtraction test/were all related to problems 
involving 2ero as the subtrahend or ^difference. One student made , 
two errors of the folld5?ing .type:" n - 0 ^ 0. This student was also 
making the same error when demons,t'rating how to use 'the balance 
,( comment ^^^4,. above.) to solve .0 6 - 0. Another student made two 
/errors by^ applying the following generalization: n - n =* n. However', 
this student was successful in using "the balance (comment 4 above) 
to solve 6 - 6 =5* n * ^ 



'Ptie following con'clusion^, pertaining to the experimental students'- 
d^standin^ of. equality, their understanding of symbolic sentences, their 
de^^anding o£ t(|p" relationship between sentences and "balance models, and 
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their- computational skills were derived from the above data, . 

' ' ^ ' ' V . • • ' * ^ 

1* Ali students in the experimental group .demonstrated by their 
perfonticmce on the post test (internal evaluation) Jthat they had 
* learned: (a) to compute sijms cmd differences with or without the 
axd of a balcmce^/ (b) to read equations, (c) to count and construct 
sets with more th,cm 10 members, and (d) to read 2-digit numerals, 

. ' t . . ^ * ^1 

2. Most, but not all, students, had learned: (a^ the meaning, of more 
and less; (b) efficient techniques 6f constructing a^ new bal:ince, 
model by modifying an existing balance models th\is exhibiting some 
evidence of being aware of relationships between two equations; amd- 
(c) to complete equations of the form a Q b + c By writing = or j^. 

* in the O * x \ " ' * v , 

3. Only two students exhibited evidence that they understood the 
relationship between a balcuice^model and the cor f'e spending equation • 
That is, these students seemed to comprehehd..that the use of the 
term equals , whether in the context of describing. ^a\balamce model or 

^ ^ in the context of an equation, meant that the nuiribers represented * on 

both sides -of the balemce or equation were the same. However, these- 
students were unable to use equals in a passive sense , fqr exampl'e , 
jto state* that 4 eq\jals 4, Rath6r, they interpreted equals only in 
the context of cm action sitilation; for exair^le, 4 take away 0 equals 
:* - y 4, The other four students exhibited no evidehce of ascribing a 

meaming to the term equals * For .these ^students the- equals sign was 
merely^ a symbol which separated at^problem and the. cinswer to the 
prob^lem, amd did not signify any other meaningful relationship 
, «^ between these, "two entities. It was' noted, howiver, that these four 
students were .aware of the fact that when the balamce was level or 
^ the amswer wais^ correct, ^there would rbe .the same number 6"f units oh 
■both sides of the bailee. 



EXTERNAL EVALUATIONS 

An ^sessment of the effects which the experimental treatment had on 
the, students' conceptualization of equality was, made by^ a team o^ PMDC 
eValuators who were not directly involved in the conduct of this teaching 
experiment. The external evaluation consisted of a series of three tests, 
^he first .test- was administered toward the beginning of the study .(December) , 
the second test wais given approximately at the mid-point of the study 
XMarch") , amd the third assessment wais made after the experimental treatment*; 
w^cis terminated (June). Each test in the s.eries was an individual interview, 
lasting 'on- am average between 15 amd- 20 minutes. 

A script, was prepared to guide the evaluators in the conduct pf each 
interview,, providing a degree- of standardization in the administration of 
each, test. The evaluators ,> however, exiarcised some freedom in asking probing 
questions in those cases where, in "the evaluator's, judgment, the prescribed 
stimulus did nojt elicit a response which provided a valid indication of a ^ 
student's iin,derstanding of. the confiept or skill being assess,ed. Each inter- 
view was videotaped; thus, variations from the standard script could be tciken 
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into consideration in the final analysis of the student's performance. 

The eyaluators viewed e.ach videotape in the process of scoring the 
s.tudents" performances, A scoring guide was^l^repared for each pest to assist 
the eyaluators in making their, ^issessments. Prior to the scoring of each 
test the evaluators jointly scored the performances of two or three students 
in oj;.der to reach- an agreement on the assignment of :points to particular 
behaviors. .Also both evaluators independently assessed the performemce^^.of 
several students. These emalyses-w.ere compared to asses.s the reliability of 
the .scoring procedures. \ • 

Copies of the three tests are provided in Appendices *D, E, and F. The 
results obtained front these evaluations are reported in the paragraphs which 
follow. , * . 

* • . . . "1 

First ^valuation • ^. . 

^ ^ Tlje ' first test consisted of two parts.- Items -in the first;pa*rt were 
'^administered as.follows:^ • ' . " 

1. The stvident was shown an equation of the fom a « Q + Q , 
□ = a + b,.aO i> + c, □ + □ = a, a + b'=n, and a + h Q c. 

2. The student was told to write sometliing in the □ 's or Qf to make 
it right. • 

' ' . * , 

3. The student was then asked to read the sentence- , 

4»»:The student was asked if the sentence was okay. 

There were ten items in the first part of the' test. 

The second part of the test- was composed of four iten^S^ jEn*.each item 
^the student was^shovm an equation of the form a = a, a = b + c, or 
a + b = c + d.*^The studeiit was asked to read the equation emd then w^s 
•asked to tell whether pr not the equation was okay." 

The primary purposes of this test were (1) to obtain **arr indication of 
the students* skills in completing open sentences (writing) and (2) to 
obtain an indication of the students* skills in reading mathematical sen- 
tences. One poiiit was awarded for each open sentence correctly completed, 
and one point was awarded for each sentence correctly read." No measure was. . 
^assigned,to the question, "Is it okay?" The maximum writing "score was 10 
and^^ maximum reading score was 14. The maximum tojbal score was 24. Data 
pel^aihing to the students' writing and reading skills from the first ^test 
are reported in Table 3 on the following page.* 

As previously noted, the primary purposes of the first. external 
evaluation were to dete3nnine the effects* of ' the experimental treatment on 
the acquisition of ^kills pertaining to the completion ^writing) and reading 



*Table 3 

Scores on Writing/Reading/Tbtal Scales: Evaluation I 



Pair 


Wrijting 




Reading 




' ; , Total 




Experimental 


Control 


Experimental; Control 


Experimental Control 


1 

2 , 


10 


9 
9 


1*4 • 
14 


8 
7 


-,23 


17 
16 


- 3 ^ 


9 


6 


14 


11 


. 23 , 


17 • 


4 


4 


•4 


9 


8 


13 


12 




. 4 • 


7 


6 • 


0 


10 


7 


6 


- . 4 


2 


14 


6 


IS. 


2 


7 


1 




7 


'6 


8 


li 


.mean 




,-•5.7 


10.9' 


3.7 


' 16.3 


ii.6 



of mathematical sentences*.' Tfie following three null hypotheses were tested 
Jo determine suth* effects. ^ ' * , 

' ' . \ ' \ 

, H : . There is no- significant difference, between the mean writing 
^ scores of the experimenrai and control groups. . - - ^ 

H ': There is no significant difference between the. mean reading 
^ scores of the experimental and control groups. 

There is no significant difference between, the mean total 
scores of the experimental and control groups. 

Each null hypothesis .was tested against an alternate hypothesis which stated 
that ^e experimental. group would have a higher inecm score; 

iSie Mann-Whitney U Test, a nonpar ametric distribution-free rank test, 
was used to make the analyses. The. Mann-Whitney U statistics are reported 
in Table 4.. 

Table 4 

Mann-Whitney U Statistics: . Svailuatioh I' . / ' 



Scale * * ' 


u 






Writing - 


27 


.402 




Reading 


8 


. .019 




Total 


■ 13 


!082 




nj^=7v n^==7, =.05 




t 

I 


23 



-The- data- in Table '4 indicate that the e'ffects of the experimental treatment 
were ^significant, P < .05, in the area of reading skillsi .only. ' An analysis^ 
of the .students* 'responses, by categories of sentence structures, indicateld 
that vWhereas the students in both groups had acquired the same level of pro- 
ficiehq^ in completing open sentences, the students in the experimental group 
were moxf skillful in .reading sentences which Ve^^e not in the form a + b = c- 
Data from- the item analysis are reported in Table 5. 



^ • ^ Table 5 ' . ' ' ^ , ' 

Total Number 6f Correct Responses by Sentence Structure: Evaluation I 



Sentence 


'Wri 


ting 


Reading 




Structure 


' Experimental 


Control 


JlxperimentaTL * Control 


a a b + c 


21 , 


- 21 ' 


.37 


7 


•A + b = ' c 


•20 


21 


•. 24' 


12 


a » a 






o 


."3 


' a* + .4b:= c + d 






' • . * 10 . 


8 



* ^ • - i> • . . 

The data reported in Table 5 reveal several interesting patterns in the 
students* response. First, it should bel noted that" students in the cohtrol 
group were,' considerably more successful in completing sentences of the form 
'a.» b +• c, than they were in^reading sentences of this type. Observations of 
the control students' beHaviors op. reading tasks indicated that some of these 
students either refused to read the sentence c they reversed, the ordej^ of the 
numbers; Thus, tox example, reading 3 = 2 + 1 as "one plus two-'^is' the same as 
tliree." 'These behaviors suggest that whereas the students were capable of 
interpreting an unfamiliar symbolic , sentence asf'»a problem^to be solved, these' 
same students had also acquired, early in. their schqiol experience, the notion 
that a particular order must ^^be preserved in reading (orally)- a sentence; 
namely, the problem precedes the answer." 

The fact that the experimental studerits were' considerably more successful 
in reading sentences of the forms a » b + c and a » 4 is nqt siirprising. 
These sentences were "familiar to the. experimental students. It is, however,, 
interesting that the experimental students were slightly more successful in 
reading sentence structures of the fiorm a + 'b - c. and "a + b = c + d, forms . 
which they*^^ad not 'encountered in their instructional program. This suggests 
that* initially the experimental treatment enabled the students to develop 
greater flexibility' in reading skills. That is, the_ experimental treatment 
did "not .promote the acquisition of a mind set that^er'e is I prescribed 

-ordeir'in'nEHe expression of a relation in symbolic forms. It should be noted, 
however, that one student in^ the experimental group/ the weakest student in 

ctenns of ability and achievement, consistently changed each sentence of the 
form a + b ^ c to the' form a^= b + c. t ^ 
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^Second^ Evaluation 

' : , ■ ^ q ^ - . , . 

. ^ .^e- second test administered by the external evaluators' consisted of 
V fourteen items* The- following procedures were used vwith each item*. 

■ " ■ ' • ' ■ / ■ • ' 

1» The student Was shown open sentences of the forms a' + b = 
\ 0 = a + be a • b. = □ = a br a + □ = b, a = b + □ , 

□ \ = a, a = □ + 0 . r and a + b = O + □ . 

2. ,The student was told to work the problem — the > student wrote- the 

>v'-, response; . ^. • 

3. The student yas shown four manipulative aids: sticks, unifix ctabesr 
beans, blocks. . • 

4. The- eyaluator pointing to the manipulatives said,f "Use one of these 
^ *t6 show me what* the problem says."'" :^ ^ - ^ 

^ , ; . ■- ' 

The* items on this test were scored awarding one point for a correct completion 
oJE the open sentence. Two points were given for^aji^ acceptable demonstration 
of the problem with a manipulative; one .goint was awarded for a partial demon-r 
'stration.' For example, to show 4 = 2+- 2'''if the student made only two sets,, 
each with 2" beans, , and, provided no other evidence of .re^la€ing these sets to 
the number 4, the response was scored by awarding only^ one point. 

The scoring procedures used with the second test yielded three scores: . 
skill (computation), understandj,rig, and tiotal. Data on the students' perfor- 
mance^ .by scales are reported in Table 6. 

\ ' Table 6""' 

' Scores on Skill/Understanding/Total Scales: Evaluation II , 
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^v, Skill 




Understanding 
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Experimental 


Control 


Experimental 


Control 


Experimental 
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mean 
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8.4 


20.1 ■ 


16.9' 
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^The.datfa reported in Jaole 6 weife used as a basis for testing the following . 
null- hypotheses: o • 

H : "^There is nonsignificant difference between the mean skill scores of 
the -experiinentai and control groups/ • * ' . 



H^: There is no significant difference Between the^mean understanding 
scores *of the experimental aSd control gro.ups* ' 



: .there is no Significant difference between the mean^ t,Q]tal "Scores of 

^ the exDerisi^ntal and control groups. ' , \ ' ^ 

* ' *. * 

Each null hypothesis was tested against^ alternate hypothesis whicl; stated 

that the experimental group would have a higher mean score. 

The Mann-Whitney U Test was used, to .make the analyses. The U Statistics 

are reported in Table 7 . . - • . , 

* , - • ^ «■« 

•♦Table 7 ; r * 

Mann-Whitney U Statistics: Evaluation II 



■ Scale 


0 




? 


•ft 


K 0 

Skill - 


• 21 




\355 


0 <' 


.Understanding 


- 15 


i 


^ .130 




'Total 

*7 


21 




.355 





n^=7'> n^T, ci f=.05 



Since the p-value for each scale was greater than .05, none* of the null hy- 
potheses were rejected'!. ^ ... 
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Although there were no statistically significant differences between the 
mean scqres on the^ yaurious scales, an analysis of the responses by categories 
of sentences revealed several mcurked differences in the students* interpreta- 
tion of certain classes of sentences. .Data on tne total number of correct 
responses for each sentence category ar^ reported" in Table 8 on tKe follcr^ing 
page'. The data repprted in Table 8 show that students dn the control 'group 
.were iiore, sixccessfulJ-n solving missing addend problems, forms a = b = G and 
a + □ =5 b. It Was previously noted in the discussion of student behaviors* 
under Observation Motes ,, that students in the experimental .group tended to 
confuse the structure of missing* addend sentences with that of an additioa 
sentence. The data obtained from the second external evaluation support this 
observation. Students in the experimental group were somewhat more successful 
in completing sentences of the form a + b = O + □. The students^ abilities \ 
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Table 8 

Total Correct Responses by. Sentence Categories; 



Svaibation II 



-Sentence 
Caijegory 



Skill 



ExDi^riinental Control 



Understanding 



Sxperimental ' 
Partial Complete 



Control 



P artial Conplete' 



•a = b > , c 


7 


5 


' i 1 


5 


1 


1 \ 


•a -f- b = c 


6 


6 


1 ' 0 


5 


4 " 




a = b - c 


5 


5 


i 


5 


0 


1 • 


a - b = c- 


5 


• .6- 


i 0 


4 . 


. " 1 ■ 


3 


a = b + □ 


5 




1 

1 ' ■ 


5 




4 , 


a +. □ = b 


3 


8 




3' 


V 


4 


'^a = +>□ 


8 


9 


i i 2. 


^ 5 


- ^ 5 


2 


' + ' = a 


7 


7 .- 




6 


'3 


4 


a^^ b/=q + D 


5 

> 


3 




4 . 


0 ■ 


2' 



in completing sentences of the Qther forms were ^approximately the .same for 
both groups. An interesting observation from these data is that the perforr 
^'mances of the control students were '^seemingly unaffected by the structtire of 

' the eauation. * * \ * i . " 

. - . : 1 ■ 

Students in the 'experimental group^were generally more successful in 
.Using a manipulative aid to show the; meaning of an equation. This .observation 
is, probaibly attributable to the fact the" students in the .experimental group 
had.. considerably more experience in using a manipulative aid to model an 
equation. In particular, they Were taught to construct a set for each number 
in equation. Thus,' for example/^ tg^ s^how the equation 6 =« 4 2 they would 
_ most ._likelv-c ons tnicfbotir'ad^Lnd sets and the sum set, thereby receiving 
full credit for the demonstration/ rather than construct only -the addend sets 
^and receive oaortial credit. 



Third Evaluation ^ " 

fhete were fourteen items on thp third test administered by the external 
-evaluators. These items were of three basic types. The first eiglit items were 
administa;red according to. the following procedures: ^ 

1. The evaluator wrote on a piece of paper an equation of the form 
a = b,a=b + c,^a+b=c, a + b = c + d. 

2. The student was asked to read the eouation. 
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* 3, The student was asked if the equation was okay.' 

4. The student was asked to tell why the equation was okay or why. d4: — 
was not okay. . ^ * ' * • 

V . . . c ' 

5. --The student was given a pile of beans and was asked to show with the 
beans what the equation says. This step was omitted in item^ 7 and 8. 

.J. • ".^ 

in the next^Wiree items am equation of the form e|,»b + cora + b = c + 'd 
read to * the student arid then the student*' was asked i'f it was okdy. The last 
threi^ items were missing addend problems Two were written, a b + □ and 
a + □ « b, and one was a story problem, presented orally. 

^ ' ■ . > ^ . * ' • " . ' 

^ 'In^ scoring this test the evaluators, awarded^ one point for each equation 
read.-correctly; one point for correct response to the question, ^*ls this 
okay?"; one point— ^or- each correct, expiahatioh of . why the equation was or* 
waS;. not okay; two points for an acceptai>le model, for an equation j one pointy 
for a '^partial model; and. one point for th^- correct answer to a .prpblem. This 
scoring procedure yielded data for tlifee scaleis: skill (reading) , understcmd- 
"ing, and..tot:al. Data for these scales are* reported' in Table 9; 

. Table 9 ' • , 
Scores on Skill/Understanding/Total Scales; .£yaluatioj:i^ \11 

^ - ^ ' ' • ; 

\ . Skill ' . Understeuiding Total • 



Pair 


Experimental Control ^ 


Experimental Control 


Experimental Control . 


1 


11 v^ 


8 


25 


10 


36 


18 
















• 3 . 


10 


; 11 


16 


31 


26 ^> 


42 


4 


7 


10 ' 


22 


17 


29 


27 


•5 


9 


' • 0 


20 


4 


29 


' 4 . 


6 


'9 


4 


is 


.77 ■ 


24 


. 11 


7 


7; 


4 


6 


5 


' 13 


• 9 


mean 


8.8 


6.2 


17; 3 • 


12/3 


.26. 2 


• 18.5 


*One 


student in 


Pzdr 2\transf erred to 


another school* 





\ . ■ . . • 

The dsita reported m Teible 9. were us'J m testing the following hypotheses: 

\ • ■ . - y 

Hji There is no significant difference between the meaiT 3kill scores 
of the experimental andN:^trol groups'^ 

H^: There is no significant dif^rence between the mean understanding 

scores of the experimental and control grows. • 

• \ * ' 



H^: There is no signifipah't difference between the mean total scores^ of. 
the experimental and control groups. . . ^ 

;Each. null hypothesis was tested against an alternate hyppthesis whi.ch stated 
that, the experimental group' would have a higher roeaft' score. 

— The Mann-Whitney U«Test was used in testing each hypothes'is. The .perti- 
nent ^-Statistics are reported in- Table 10. 

• • . : ^ Table* 10 , * - ' 

' " Mann-Whitney U Statistics: Evaluation III 



Scale ' U . P 

, Skill ' 11 .155 

» Understanding J.1 , .155 

'/Total . 10 . 120 

" = 6, n^ - 6, cC = .05 



The p-value for each hypothesis was greater th2Ui'.p5, therefore-none of the 
null hypotheses was' rejected in favor of an alternate hypotiiesis. 

. * The data reported in Tabl.e g show that the meah scores for the skill and 
understanding scales were; higher for the experimental group, but not signifi- 
rcaritly higher, than the means for the control grpup. An analysis of the 
^-students' responses by categories of equations reveals several .response 
_£>atterns which account fp^ most of the -differences in mean -scores. The data 
on student responses by sentence categories are reported in Table 11. 

Table 11 ' ^ 

Total Correct Responses By Sentence Categories: Evaluation III ' • 



Sentence ' " Skill* 



Unde r s ta ndi ng 



Experimental Control 



Category Experimental Control ^. ^ ^ „ , TT^^ ITT", 

Okay Meaning Model Okay Meaning^ Model 



7 _ 



a = }D + c 

a -t^ b = c 

' a + b = c +' d 

a « b- + 

a + □ =■ b- 



6 


4^ 


1 


' 1 


■4 


' 4. 


1 


3 


12 


7 


13 


3 ■ 


12 ^ 


12 . 


2 


2 


.11 


.9 


12 


2 


13 \ 


13 


4 


2 


17 


10 


. 16 


3 




9 


3 


6 


1 


3 




ir 
\ 










6 


7 















The data, reported in Tab;Le 11 indiqate that students in the experimental 
jgrpup exhibited mdre skill in reading sentences of the forms a = b'^-r c and 
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"a +-.b ■ c +j d. .These results are not stirprismg, sin'ce students m the 
control group had not encountered such sentences in their instructional ^ 
prpgram.. Otherwise there were only kmall differences in the reading skills 
■for the. tiwo groups^. ' " • " v ' ' ' • ' "^^ 

it is of especial interest to note that only one studerit^in the experi- 
mental group- accepted 5 » 5 as a correct sentence. " All of^^t^e .other students 
insisted that the sentence, should involve ^^n-. operation. Thu^-^ey explained 
-that 5-+' 0 . 5 or 5 = 5.+ O woaidTe all .r^ght;.. Students in-the eotppnoental 
.grbup'were more willing to accept sentences of the form a, -C + d/t'^d 
-^they were- more' successful in constructing a model for an^-e<?uation. Both of 
■ these behaviors are a 'reflection "of the content of the experimental ;treatmant. 

" ' iv. " conclusions" and implications * ■ ' 



One of the startling fihdinga of the PMDC investigation into the mathe- ■ 
matical thinking o^ young children was the verification of the fact that stu- 
dents, especially those in the. 5t8 year, old-age range, tend to interpret the 
emaals symbol (=: not as a symbol which denotes a relationship between trfo^ 
^numbers', but as an operator symbol whicih connects a problem and its answer. • 
Furthermore, most students actjuire the notion that, the operator is one-d4rec- 
tional, left-to-right\ That is, the problem' must precede the answer^ These - 
. conclusions were derive^ from observations of s^liudents' behaviors la- situa.tions 
where, -for -example-; rejected ^ - .5 as being" d.^ay and .then rephrased the .. 

sentence to include an operation (5+0-5), and. rejectee 4 - 3 + 1 m favor 
of t±e conventional form .3 + 1 » 4. . " 

• "One explanation for the studtints' rejection .of sentences of the> forms 
a - a' a ^'b . c and a « b - c o d is that the students' mathematical training- 
had provided, at most, very, limited experiences with sentences of these forms. 
Therefore the students' reluctance to accept the»unfamiliar sentence fonns 
iould be merely a reflection of the limited scope of. their mathematical in- 
struction. --This line of reasoning provides. a reasonable explanation for the 
students' b(2haviors, but it 'does not take into consideration one significant ,^ 
■fact- namely,' that the students had not learned from, their mathematical in- 
struction to view the equals sic^n as a symbol which denotes a relation between 
two numbers. Implicit in this- explanation is an assumption that if students 
•are provided suitable .experiences with sentences, of the forms a - b, a » b » ,c, 
^d a o b - Co d, as well as expediences .with the form a .» .b - .c, then „stu- 
—dents-would-view tiid' equals sign as a rel-ation and not as an operator. P.Mce 
.investigators found no evidence in the existing literature to support this 
assumption. In fact, the available evidence suggests that many students, .after 
^several years. of mathematical training, which includes experiences with various 
forns of'eauality statements, still cling to_the nc^tion of - the equals sign as 
an operator, and not as a symbol which relates two names for the same number. ^ 

■ -Since the concept of equality as a relation is essential for students under- 

■ s tiding of other matheniatical concepts, as presented in current textbooks, 
. and since students begin to develop, their concept of equality in the first 

^ grade, the teaching experiment discussed in this publication was designed to 
investigate' the following research question: . — 
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. Will students who are provided mathematical instrbction encompassing 
sentences of tKe forms -a^a^ a© b«Cra = b oc^ and a ob='c,od 
in their first year of school learn to view the equals sign as a^ symbol 
which denotes a relation between two names for the- same- number? 

' . . .\ ■ I .c 

Data obtained 'during th^ study^ from observation notes and formal asgess*- 
ments% internal cuid external^ clearly incjifate tiiat all students in the 
experimental 'treatment acquired considerable flexibility in accepting and 

• interpreting the use of the equals sigji in a varie,ty of sentence structures ♦ 
It rwas also observed that some students in the control group who, were taught 
to read the equals sign as "the same as" acquired the same flexibility of 

'thought. But the data indicate that only two students (one experimental and 
one -control) viewed the equals sign as a relational symbol at the end of the 
year. The behaviors .of inp.st^ the other students*^' suggest that they viewed 
the equals sign .as an operator connecting, a problem with its answer or that 
they attached little /if amy/ significance to the v^e of an equals ^ign in 
the context of a symbolic. sentence. Precise descriptions of the students' 
views of equality cire provided below. . - . ^ 



VIEWS OF EQUALITY ' * ' 

' Analyses of tjje data obtained^^^rom tnis st^udy of children's conception 
of^equaLity 'suggest the existence of^ five* distinct interpretations of 
equality among the first grade students^ experimental and control group. 
That is^ the ^stjdentq* .behaviors "(responses to questions^ oral explcinations ^ 
and written responses) can 'be clustered into five categories (0-4) ^ each 
representing a different view of equality. These views of equality range 
from those cases in which a child's behaviors indicate no discernible inter- 
pretation of equals^ to those cases in which a child's behaviors indicate 
that the equals sign is 'a symbol which denotes that two expressions are 
names for the same number. The five|plus1:ers of behaviors are described below. 

Category. 0. The child's .behaviors suggest that the child does no1: have 

'any comprehension of what the equals sign jneans. The follow- 
» ing examples are typical of the- behaviors classified in this 

• category : ' - ^ ^ • ; 

* . ' . i ' • 

a. The child reads Q =4 + 2 correctly, writes ^3^*.= 4+2, 
and says that it is okay because "There is a *4 here . 
and a 2 hefer'* ' 

b; The child completes 5 Q 3 +^ 2 as follows: 5@ 3 + 2.. 

c. The child completes 3 + □ = 3 as 3 +{3= 3, and - 
says '•3 plus "3 plus 3 ^s 9." ^ 

X^ateciory 1. The child Vs behav^ors^ siJggest that th^ child recognizes that 
an equals sign is, a^^ymbol which -should be included (usually 
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in a specific location) in a written -sentence but ascribes 
no specific meaning to the" symbol. Behaviors typical of 



those assigned to this category are as* follo^^si* 

a. The child status, that 2 + 3 « S';is wrong', but 2 » 3 + 5 
, H .is okayr- * • ' . * 

^ b. The- child' indicates that 5 3 + 2 is not okay, wjrites 
• an equals sign between the 5 and the 3, but offers^ no \ 
rationale for writing tdie equals sign other .than,. "It's 
slpposed to ,be the.re,"*^' f 

^ c. The child says that 6* » 4 + 2 is wrong; . changes it to 

4^+ 2 = 6; explains^ "-You don'trput equals^^firs^:" but / 
offers no oth.er expl^uiation for the equals sigif ^ollow-^ ^ 
ing the addition sign. ' ^ ^ " % '\ 

:ategpry 2. The chi«ld*s behaviors suggest "that the child views the . " / . . , f-^ 

* f equals /sjLgn , as a one-directional operator which separate _ *.J_ ^ 
•problem and^ its answer. Behaviors which typi^ ^ihi^; vieW b'f ^ ' 

<y , equality a3;e as "foli6ws: ' / ' ' ^'i .^ c 

a. The child indicates that 6 = 4+ 2 is wron^, ^Ijaxiges ' - ' 
' it to 4 + 2 » 6, and explains that the answer :cgwes'3' t 

after the problem. ' - \. i 



b. The child rejec'fs- 4" + '2' » 6, accepts 6 = 4'+ 2'becauSe 
' the sum comes first. ^ .. ^ — - ' • 

* . . ^ ' •'•^ . ^ 

c. The chira indicates* that 3 +' 2 = 2 .+ 3 .is wrong, . 
changes it to 3 + 2 = 5 / 2 + 3 r« 5.- v 

d. The chiTd rejects 3+2 = ^+3, cheinges it to 

* 3+2+2+3=: ;iO. ' ' V* 

* ' ,^ e. The child rea'ds 6 2 + 4 as "Two plus four equals 6," 

f. The child indicates^ that 3 = 3 is wron^, changes it to _ { 
^ ' \ either 3 .+ 0 = 3 ore 3 =, ^3 + 0, depending on the child' S; v 

placement of the sum on the right or the left side of 
^ the ^uals sign^^ ' * * . S 

• * , -A-t 

• ' • g. IThe^ child says 'that 3' =» 3 ife wrong, changes it to 

either 3 + 3 =: 6 or 6 = 3 -+ 3. * 

•» h. The child aceepts 3+2=5+1 because 3 + 2* equals 

5, but rejects 1 + 5 = 3 ^+ . 2 because . 1 + 5 3;. ' > 

i. The child rejects 3+2 = 4.:+" 1, because 3 + 2 4. 

Category 3. The child's behaviors^ suggest thac the.^hiid views the equals.,. 

sign as an -operator separating a prcbleip -from- the answer, ^ 
but does not insSfet t|j^t either the pjfobiem or the answer 
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must come fiyst. Typical behavilors clustered in this ca'te- 
\ ij ' ^ ' .gory are as^fdllow^s; . 

; V ^ V The -child accepts both 3. H- 2 5 ^and 5 3+2 .as 

• , • being cprrect. " * ' . ' ^ ' • 

, b. The child accepts both 3 + 2=5 + 1 and 1 + 5 = 3 +/2 
J, <' a as b.^ng .okay, because in- one case 3 + 2 = 5 is cor- ' 

• ' rectr and, in the other case 5 ="3v+ 2 is correct. 

^ c:- Th^ child rejects 3 + .2^ = 4 + 1 because neither 
' 3 + "2 = 4 ♦nor 2 =. 4-^'l is correct. 

\, *' 'd. The ^hi Id- rejects 3 + 2 = . 2 + 3 because neither 

3*+ 2 = 2 nor 2=3 +'2 is correct. 

e. The. child indicates that 3 = 3 is not right, and says 
/ that both 3'+ 0 =5* 3 and 3 = 3 + 0 wpuld be rp-s^t. 

. ' • ' . ' f ' * ^ , 

Category 4. The child's behaviors suggest that the, child interprets the 
, . equals sign as symbols which denote, t^iat two expressions are 
names for the same number. Behaviors representative of those 
. *^ ' ^ in this category are as follows^: ™ - — — 

" • . • • 

a. . The child accepts\3 = 2 + L.and 2+1=3 explaining 

that both 2+1 and 3 are the same number. 

b. The child Jays, ^3 = 3 is okay because both are the same 
number. ' , - 

c. The child, in- accepting 3+2=4+1, reasons: ' 

,3 + 2 is 5, 4 + I'is^S, both" are equal to 5/ so, they 
. ^ ,^ are equal. 

The distinctions among the five views of equality can best be observed in 
the nature of students* responses to a common stimulus.'' For example, consider 
the following J-Table 12) responses to the question, **Is 2+3 = 4+1 all 
right?" Responses ci|:ed in Table 12 on the following page are typical of those 
one would expect from d student with' a particular* conception of equality, as 
defined in Categories 0-4. 



jftnalysis of Data • . • 

Using the ^ove descriptions of children's interpretations of equality as 
a guide, analyses were made of the students* performances on tasks included in 
the first (December) and the final (June) external evaluations. On each test 
the children's behaviors were not consistent for each task, but on each test a 
child's behavior patterns generally clustered in one" of the above categories. 
Thus on each evaluation it was possible to identify a child's view of equality 
by one of the five category^ descriptors. A summary of these analyses is 
re'ported* in Table 13 on page 35. • ' 
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\^ ' . ' • . Table 12 

• \ Typical Resp9nses to the Que^tion^ Is 2 + 3 = 4 +' 1 all right? 



Category 
• Level - 



Illustrative Response 



E:q)lanation of Response - 



It is not right. The one 
shbuld be a five. * , 



It is not right. Changes -it 

;tp -2 + 3 + 4 = 1- or 
2.= 3 + 4 + 1/ depending on 
whether, 'in^the student's' 
vie^r .the equals sign comes 

. inraiediately after the .first 
number or before, the last 
number. 

It is not right. Explains 
that " the sum of 2 and 3 is 
not 4, or that 3 is not the 
sum of 4 and 1, depending^ 
on whether the direction of 
the operator- is from left 
to right or from right to 
l4ft. • 



It is not right. Explains 
1±^t neither 2 + .3 = 4 nor 
4+1 are right.' " 



It is all right. Explains, 
that both 2 + 3 and 4 + 1 
are names for 5. 



The student's attention, is 
focused on, an order relation, 
ignoring- the addition and 
equals signs* -v 

In- this case the student insists 
that/ the equals sign; be placed 
in a specific location -within a 
sentehce7"'but~assigns- no meaning 
Ho the' sign. 



The student identifies two niam- 
bers as constituting an addition 
problem, a third number as the 
sum, and then makes a. judgment 
as to whether or not the third 
number is the sum of the first 
two. The equals sign helps the ' 
students decide which numijers 
make the problem and which 
number could be the sum. 

The student identifies two pos- 
sible problems. In one case the 
sum is on the left of the equals 
sign and in the other case the 
sum is on the right. The equals 
sign is only a symbol which 
helps the student identify a 
probleni and a sum, but in this 
case the student recognizes the 
existence of two problems. 

In this case the student views 
the equals sign as a symbol 
which denotes a relation between ^ 
two names for the same number. 



It can be observed, from the data presented in Table 13 that at the time of 
the first evaluation (December) , . four of the seven experimental students 
viewed equality in a manner as described by either Category 3 or 4, and that 
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Table 13. 

Students' Views of Equality by Categories 



/ 



Pciir 


Experimental 


Control 




uecenjiDej. 


June ^ 


December June 


1 




4 


2 \ 


2 














3 




.3 




3 • 


"3 


2 


3 


4 


4 


1 


3 


2 


3. 


5 


3 


3 . 


• 0 


.0 


6. 


1 \ 


1 




0 


7 


1 


2 


1 


0 



^unibers correspond'^ to* category labels^ ~ 
described above. 

* r b . • 

— - ^ ^ -Students m pcixr 2 did- not ^participate- — 

in the final. evalutioh, 

only one student in the .control .groi:qp viewed equality as described in Cate- 
gory 3, At the end of the experimental period (June) / three oi tK'e six 
students in the experimental group had a concept^ Of .equality corresponding to 
Categories 3 or 4, and only one experimental student had not progressed 
beyond- Category 1. Although two students in the control group viewed equality 
as described by either Category' 2 ox A, it can be observed that three of the" 
six control students had no comprehension of the meaning of the equals sign. 
Thus, the data in Table 13 indicate that the students in the experimental 
group generalli^ had a deeper understanding of equality at the time of the 
first evaluation and that, they maintained this advantage throughout the year. 
It can also be observed that the -growth in the students' conceptualization of 
equality was minimal, , ' . 

The data obtained , from this teaching experiment do not support the 
conjecture that if students' (first graders) are provided with appropriate 
instructional experiences in which they encoiinter the use of the equals sign 
in a variety of sentence forms, they will learn to view eqxials as a relation 
betr^een two -numbers. In fact the -evidence is quite to the contraj^. Namely, 
the development of a first grade student's concept of equality as a relation 
is not merely a matter of instruction. In particular, the data ^suggest that a 
first grade student's experiences with equality in the context of' addition, 
subtraction, and missing addend equations are not in themselves totally 
sufficient to develop the student' s conceptualization of equality as a 
relation between two names for the same number.. Rather, among first grade 
students the development of this concept of equality appears to be dependent 
on other factors such as the student* 'stability or intellectual development. 
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IMPLICATIONS FOR CURRICULUM DEVELOPMENT AND FURTHER RESEARCH 

* The results from this study of . first graders' conce^ltualizatiohs. of 
equality, suggest .that curriculum designers and mathematics- researchers should 
giveiaor^ thoughtful consideration to the development of equality as a 
concept; This is especially true if the ultimate goal is for, students to view 
equality as a relation between two numbers. In particular, attention should , 
be given to the development of a sequence of instructional activities appro- 
priate, for specific grade levels/ explicitly directed toward the development 
of equality as a relation and to .the appropriate placement 'of these activi- 
ties within the mathemaTtics curriculum. 

Specifically/ there aare four problems which should be addressed. 

Sentence Structure . In most curricula students primarily encounter 
equations of the form 'a © b = c. The results from this study indicate ^thaf^'' 
ek^feriences with other sentence structures (a = a, a = b o'c, and 
aio 'b'= c^ o d) hadTio adverse effects, on the students^ attairjment of addition, 
subtraction and place value concepts and skills. Furthermore, such experi- 
ences contributed to the students' development -of a more flexible view of 
equarllty. However/ the data frow this stuiiy did not indicate that that 
experiences/with various sentence structures contributed to the first graders' 
understanding of equality as a relation. 

» 

it is conjectured that, if the intensive instruction on equality were 
continued in later grades, the effects on the students* learning to view 
equality as a relation may be significant. T^is is an issue which needs to be 
investigated further. 

Symbolism . The results from this ,>tudy and other studies indicate that 
first grade students view the equals -sign as "an operator. That is/ as a 
symbol which separates a problem and its answer.^ Data from other studies 
indicate that this view prevails for several years. Thus, if students. are to 
eventually learn to view the equals sign as a symbol which connects two names 
for the same number/ they must unlearn a point of view which has become 
firmly entrenched. • * ' 

Perhaps curriculum designers should consider the use of a symbol such as 
an arrow ( > ) to denote the one-way operation until such tinie as the 
students aire capable of understanding equality as a relation. 

' Placement . Data from this study and other studies clearly indicate that 
students do not detect a view of equality as a relation from their work with 
equality in the context' of computationc^l problems. The data suggest that 
students need instructional activities which explicitly develop the concept 
of equality as a relation.' Therefore/ a careful stu(ty should be undertaken to 
determine at which grade (age) level most students are capable of understand- 
ing equality as a relation and then investigate the nature of instructional 
activities which would be most effective in teaching this concept. 

Language . Data from this study indicate that some students (control 
group) who were taught to read the equals sign (=) as "the same as" developed 
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the sape flexibilaty^n acceptipg a variety of sentence structures as the 
students who receiyVed the experimental .trdatment. This suggests that to teach 
s^tudents to read' the sxJ^^ol as "equals" may inhibit the students' 
developnient of a more flexible notion, of eijuality. This .suggests that the 
effects of using different, verbal names .^o^ (=) should be investigated in 
studies which aire explicitly concerned with this issue. ^ ' . 
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APPENDIX A ' 



'^SUMMARY OF CONCEPTS AND SKILLS 



AND 



SUMMARY OF STUDENT BEHAVIORS 




/ ;] 

A. Concepts an'd skills taught in this tihit included: , " 

** 1; Cohbept of weight*- ^ 

• \ » 

,^ 2* Skill in using a balance to weigh an object* 

3* Concept of a unit weight* 

4. Concept of two objects having the same weight* i 

^ • / ^ \ ' ^' ' 

5k Concept of sj^mmetry in weighing objects— that is^, an object^ will 

^ weigh the same whether it^ is placed on the right cftr left side of 

_N*__ the balance* ^ ' - ^ ' 

\ • ' ■ •• • , ■ ■ - 

\ "'6* Skill of recording the weight* of an object on a worksheet* 

7* Concept of two sets of units being equal in Weight* 

8* Skill of constructing a balance model based on inforro-'tion provided 
in a written exercise* ' 

9* Skill, of using ecjuals and not equals sign to show whether two sets 
of units do or do not^have the same weighc* 

10* Concept of truth value of a statement* " 

B*^ -Observations of students* behaviors included: 

1* All students had an intuitive underst^ding of: (a) These (objects) 
weigh the same, and (b) This (object) is heavier* That is, by hold- 
ing objects in their hands the students could determine whether two 
objects weighed the same or which one was heavier* 

2* The students' knew that a scale is used to weigh objects* 

3* The students had no difficulty in understanding how a balance is 
used to weigh objects* That is, the object to be weighed is placed 
on side; units are placed on the other side to make the pcuis level; 
and the weight of the object is determined by counting the units* 

4* The students had no difficulty in accepting that two different ob^ 
jects could weigh the same* " . 

-5* The students knew that moving an object from one si<|e of the balcuice 
to the other side would not change the weight of the object* 

6. The students understood the procedure of recording the weight of an 
object, but most (all but 2) experienced considerable frustration 
in relating the left-right sides of the i>alance to the left-right 
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sides of a worksheet* Basically/ these students'' did not know the 
;meaming of right and :leff. Labeling the sides of the balance and 
the worksheet as L and R made it easier for these children to, estab- 
lish a correct correspondence between the baleuice and worksheet. • 

.7. Students accepted -that two sets of units, could have the same weight. 
. In determining whether or not two sets of units had the same weight, 
the. students usually, relied on the number property of the sets rather 
. tHah -on whether or not the. pans were* level That is, they knew that 
if the number of units in each set -was the same, the weights- .would 
be the ^ same, and conversely. . % ^ 

Q'i "Equals" means same. amount on both sides~pans .are level. Students 
' quickly -learned to use an, equals sign to show that, weights were the 
same? .a.-.not equals sign to' show that weights were unequal. 

,*9^ Students had no difficulty in learning to construct a balancemodel 

based on information provided by written instructions (e.g . , jyi Cj j 4 | ) 
and then using = or to complete a sentence (e.g., jT] ¥ l^jT. 

10. .Students leaimed to read orally sentences like 5 =? 5 and 5 9^ 4 with- 
out a great deal^of difficulty. 

«ll. After working 2 or 3 exercises, thi;^e "students (N, M, J) did not 
- consistently use a balance in coit5>leting sentences like Q O tH 

or [H O • other stuaents continued to use a balance, but 

their b'ehavior indicated that they did so because (a) they felt that 
they were exp^ted to use^a balance or (b) they wanted to verify' 
their answer.. 



12. Students had no problems in ytating that 5=5 was right, but at 

first they did not accept the fact that one could write 4 =» 5. Later, 
however, they learned to indicate by making an X next to the equation, 
that statements like this were not correct:. 



Introduction to Addition (Sums ^ 6) 



A. Concepts and skills taught in this unit included: ^ 

'l. Concept of addition—using two distinct sets to weigh an object. 
2. Skill in recording weights by a pair of nimbers. 

[ 3. Skill in solving equations of the form **a = Q + □ . 

4. Skill in reading addition equations of the form a = b + c. 

5. Skill in constructing balance models for equations of the form 
a = b + c. 
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6. Skill in solving equations of the form Q ^ a + b. 

7. * Skill in using = or 'to ^con^lete equations of the" form a Q ^ *^ c» 
* 8. Concept of truth value of statements of the form a - b + c. 
ObservatioAs of students* behaviors included: 

1. Stt^dents had no problems in constructing two sets to determine the, 
weight of an object. 

2. Except for two students (J, M) , the students at first had consider- 
able difficulty in recording a weight as a pair of numbers 

(Form □ D ) • The students tended to record the total weight 
(sui6)' in one box. 

y •' ,/3. Students readily accepted zero as an addend. 

4. Students , accepted the use of the plus sign (+) to mean "How many 
altogether." * . _ 



5. ' Except for three students (D, J, M) , at first students had problems 

reading addition equations. Common errors were (1) omitting equals 
and/or plus; (2) reading equals as plus and vice versa. 

6. Given a set of n units on the left side, ,at first the students would 
put n units in one region on the right side and then write n = n + 0 

. or n = Oh. n* 

7. Students readily accepted equations of ti:e form n = 0 + n and 

n = n.+ 0, because the numbers were tie same on both sides. They.> 
ignored the zero. Consequently the students, were rel,uctant to accept 
equations like 2 = 1 + 1, because the nimibers were different. 

8. Except for two students (Da, A) , the students quickly learned to con- 
struct a balance model to show an addition equation, a = b + c. 

9. In the process of completing exercises of the form El = 0 + O / 
two students turned the worksheets around so the equations were of 
the form' Q + D = Q*^ * In either case, students first 'cons true- 
,ted the addend sets and then the sum set. At first students construc- 
ted the sum set by trial eind error, but then discovered that tifey 
could count the addend sets to determine the sum set. - 

10. Students had no. problems in learning to use the balance to solve 
problems of the form □ = a + b. 

'11. Students could tell whether equations of the form a" = b +- c or a 

b + c were right, but most based their answers on the number of units 
on each side rather than on whether or not the pans were level. 
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12*. After showing a sentence like 5 1 + 3 on the balance, students 
could change the balance to make it equal. ' 

13. Students quickly observed that a modei' showing 5 = 4 + 1 could be 
changedAo show 5 = 1 + 4 by switching the addend setsf ^ ^ 

14. Except for two students (D, M) , the students were generally unable 
' to find all sblutions for equations of the form a'= Q + □ ^ . 

. _,^cept for using the CPA (comment 13 above) all work was by trial 

and error; 

*' ^ , 

Ihtroductirn to Missing Addends; (Sum 6) 

Aw Concepts and' skills taught^in this unit included: 

1; Concept of a missing addend— relationship between balance models 
and. equations of the forms i = b + O and a = O + b. 

2. Skill in solving missing -addend problems (a = b •+ □ anc ^ '= Cl + 
b) , grouped by som fcimilies. 

3. " Skill in reading missing ad'dend equa?:ions. 

4. Concept of relating addition problems and missing ajidend problems. 

For example, establishing a relta.tioriship between 6=2+0 and 
•□"^ 2 + 4. ^ ~ * ' 

5. Skill in solving addition and missing addend problems which contained 
3 addends (□ = a + b+c, a=n + □ + 0 ,a = b+ c+ a , 
etc.). * - 

B. Obi>ervations of students* behaviors included: 

Studentr^ (except N) had no problems in interpreting the meaning of * 
missing addend problems, constructing the appropriate balance models, 
and recording the answer! ^ ^ ^ 

Except for two students (D,I-?) students at first solved missing addend 
problems, grouped by s\im faim'lies, as independent problems. That is, 
they removed all units frc^. tne balance. Later,, the students observed 
(a) that they could leavf: the sum set unchanged, (b) that after solv- 
ing 5 = □ + 3 they could solve 5 = 2 + * □ without constructing \ new 
model, and (c) a model for 5 = 3 + □ could be obtained by switching 
the addend sets from one region to the other region. ' V-^- 

Students did not rely on a strict one-to-one correspondence between 
the balance model and an equation to solve an "equation. That is hav- 
ing set up the balance to show 4 = 3 1, they could solve 0 = 3+1, 
□ =1+3, 4 = 3+ □ ,4=l+n and 4 = □' + 3. 

Although stude/ -s observed relationships between certain pairs^ of 
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nassing addend problems (4=3+ □ and 4 = Q + 1) and pairs of 
additipn problems -{ □ '=4+^1 and □ = 1 +' 4) , the students seem- 
ingly did not relate missing addend and addition problems ♦ For 
example^ after solving 5 4' + *□ , thdy would remove the units 
from the balance before solving =4+1. 

5. Two students {D, M)' discovered a patterQ<i'n using the -balance to 

* solve missing addend problems in a* sum family;* For example^ after 
solving 5=3+0 t they would move one unit from the set. with 3 
units to the set with 2 units to solve 5 = 2 + □ . 

- 6. Students had no difficulty in solving problems with* 3 addends* * 

-Bitroduction to Subtraction (minuend ^6) • ' 

ft* . Concepts and skills taught in this unit included:.- 

<> • 

1. Concept of subtraction (take away) ♦ v • 

2. Skill in writing equations to show a take, away situation (a = b - c) . 

3. Skill i^^^ons true ting a balance model to .show a subtraction equation. 
^ Skill in reading subtraction equations • 

5^ Skill in solviifg subtraction problems ( Q = a - b) . 

6. Skill in using = and to complete sentences of the form a Q t> - c* 
?• Skill in solving problems of the forms a = b - □ and a = Q - □ . ^ 
8. Concept of the truth value of a subt;raction equation. 

B. Observations of the students' behaviors included: 

1» Students had no problems in solving the introductory subtraction 
(take away) problems; for example, putting 3 units on left side, 5 
\ units on right side, and then removing 2 units from right side to 
\ make the balance level. 

\ 

2. ^Students generally had considerable difficulty in learning to describe 
x^verbalize) the subtraction process, that is, to write subtraction 
equations,^ to read subtractj.on eqxaations, to construct a balcmce 
model to show a subtraction equation. Their difficulty seemed to be 
atti^ibuted to the following facts: (a) There was not a clear corre- 
spon'dence between the balance model and the equation, (b) The sub- 
traction process was more involved than the addition process; and 
(c) Subtraction problems wei:e treated as addition problems. 

3. From the beginning' one student (D) did not use a balance to solve, 
subtraction problems. 

■< 
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. 4. Except for two students (D, M) stud^fents had difficulty in distinguish- 
ing, between □ = a - 0 and Q = a - a. ^ 

» \ ^ J . 

5. Students had. no problems in using - or ^ -tc^complete sentences of the 
fom a O b - c* ' 

6; 'Students readily understood equations of the •form a = b - □ . Their 
only difficulty in solving these problems was that they would place 
jthe units they took away, one at a time, on the table with the othef 
"units; ther'efoife, they had no easy way to determine how many they had 
• ..^ taken c.way." ^ ' /. * 

^ .Students learned',*'' Wi^out difficulty, to solve equations of the form 

- • ^ = D-v- ' 

8. Three students (D, 'J, M) observed a pattern in soling equations in 
exercise sets where each equation -was of the- same form (a = □ - □ ). 
The other studen^*=! worked such problems by trial and error, often re- 

, . peating a specific equation several times. 

9. Two students (D, M) were not consistent i*. reading sxjbtraction problems 
from left to right. They ^ would on occasion read an equation like 3 = 

5 - 2 as "Five taJce away two* equals three." 

'10. By the time this unit on' subtraction \was completed, three -students 

{0, J, M) were solving sub'tjcaction problem^ without Using their bal- 
%w y ance. However, two of th'fesfe s tridents (J, M) would frequently use their 
. balance to verify their answers. 

11. ^Students had no problems^in determining whether or not a sxjbtraction 
equation was correct. Also, they could change an equation to make it 

•correct, -with or without using a balance. 

12. One student (D) consistently reads = as "the same as." I^e explained 
' to the other students that "equals" and "the same as" mean the same 

thing, but the other students continued to read'= as "equals." 

» 

Introduction to Greater Than and Less Than (N ^ 10) 

t 

A. Concepts and skills taught in this unit included: 
1. Concepts of greater than and less than. 

2; Skill in showing greater (less) than relations on a balance. 

3. Skill in reading sentences which include the phrases "is greater than" 
and "is less than." . ^ 

4. Skill in identifying numbers greater (less) than a given number. 

5. Skill in using > or < to complete sentences of the form a Q 



6,. Skill in reading sentences of the form a>b or a-<b. 
?• Concepts of one more (les^) than. 

81 Skill in identifying a number which is one more (less) than a given 
nvanber. 

Observations of students' behaviors included? . ^ ' 

1. ' Prior to the introduction of this unit the st:udents had demonstrated 

an landerstanding of "more- than" and "fewer than." --Except 'for 'two 
- students (Da, A), the stude^ related^ this knowledge to the terms' 
"greater than" and "less than.'" 

2. Except for two. students (Da,_^Ai , the students could verbalize how great- 
'"er than 'and less than relations coTild be detected from. the balance. 

.For example, some said, "The side with more ''goes down." Also> some 
rjfeaspned, "9 Is picking up 7, *so 7 is -less." ■ 

3. Except for two students .'(Da, A), the students readily learned to read 
'sentences suth as: Q is greater ♦dian 7; 6 is less than Q ; 9 is 

greater than 6. • ' . 

4. Students completed most exercises in this unit withcut using a balance. 
They reli^ instead on their knowledge of the ordering of numbers. 

5'. Students made numerous errors %s they completed the written exercises'- 
involving the terms, "is greater than"- and "is less than." The errors 
^were not due to conceptual difficulties, rather the errors were attri- 
buted to the students' fedlure to read the sentence-. For example, in 
con^leting a sentence like "7 is less than Q] " they focused their at- 
tention on 7 less, and then wrote a number less than 7 in the box. 
When asked to read the completed sentence, the students immediately 
detected 'that it was wrong and corrected the error. - ^ 

6. 'The students e^q^erienced considerable difficulty in learning the signs 
, , > and < . They could not remembvar which sign was greater than and 

which was less than. Clues like "The^arrow points to the pan which is 
up" did not help the stfudents in deciding which sign to place on the 
balance. 

7. The 'Students (except pa. A) could complete exercis.es like ^ Q) h Li 
^\ the following clue was written on the board: less . . . < ; greater 

... • * , 

• ♦ 

8. The students, were not successful in learning a* technique for using a 
balance to obtain an answer for questions like " □ is one more than 
7" or " □ is one less than 9.". Rather, they avoided* the 'use of a 
.balance in answering such questions and relied entirely on their 
knowledge of the ordering of numbers. 
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9. The concepts of "iS-one more than" and Yis 'one less than" were ve;cy . 
difficxilt for all but 2. students' (D, M) . The assessment is based'^n 
the fact that/the students were generally unsuccessful in cftznpleting 
sentences like " F] is one* more than 8."' • * 

10.^ The students were* given irDney exerci^ses involving how many qiore* ?pr^ 
'example-, a student was ^iven 5^; an object priced at 7<r ;jas ^eld ^pi 
the student was •eu<'!*tid if l;e had enough to buy the .object; then how 

many mo;:e pennies did he need* Students could use' the balance to"\ 

... '„ . . ...... . X 



' solve these problems , but they were more oroficient in using *fchQ.i 
fingers br mental '\:omDutatioris to find the answer. 

Introduction ^to Place Value \(N ^ 19) 
' ~ <" 

A. Concepts and skills taugjjt -in this unit included: 

. ■ ' \-" . - ■ .-. 

1^ Skill m rote counting\to 19. 

- 2. Skill in counting/constructing sets with up to 19 uni.'-.s* 

3. Skill in reiding/writing'\pui%rals 11-19, 

4-. Concept of a long (ten) being equivalent to ten units. 



5, Coricept of a number greater th^an 10 being so many more than 10—13 is' 
3 more than 10 . - ' * / ' 

* * . . 

6. Skill in using longs (tens)^and units, to represent a number greater ^ 
.than 10. . 

7, Skill in representing a number greater, than 10 in expanded fonn* 

8. Concept of truth value. of statements ^involvirig expanded form. 
Obser^tions of students* behaviors included: . • • , * 

1. ' students 'readily' learned rote and rational' counting skills.^ ' 

2. students readily learned to read and write numerals 11-1%. 

3. students re^ly accepted 1 ten as being ecuivalent to. 10 units* 

4,, students readily learned to amswer questions liJ.e'^"13 is hew many 
more than 10?" and to use the balance to answer the 'questions. 

5. Students exhibited no difficulty in completing expanded 'forms for 
exercises like: 18 = □ + □ ; □ = 1 ten + ,5"; □ 10 ^. , 
Except for two students (D, M) the students at first used otUy units 
in constructing sets for numbers greater than or' equal to 10, except 
that they would use a long to represent 1 ten. After some experience 
with exercises involving 1 ten and 10, they began to use longs in 
constructiing sets for nimibers greater than or equal *-o ±0. At first- 
t±e students made many errors in completing exercises like 
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18 » Q.'^'Q* They wrote: 18 = 1 + 8* This apparently was not a 
conceptual problem, rather they intended for the "1^' to mean "1 ten." 
The error became less frequent as the students accepted "1 ten" and . 
"10" -as being equivalent. ' * 4s • 

Except for -.one student (D) / j students used their balances in determin- 
^ ing the truth value of statements like: 14 = 10 + 4 or 12 = -1 ten^+ 
2. * One student "verified" that 15 = 5 tens + 1 by putting 15 units 
on one side and 5 units andj 1 long on the other. .When' asked to read 
the statement she corrected her answer. 

7. ^ Except fo^ one student (D) , the students do not seem to appreciate 

che place' value aspect of numerals for number's greater than 10. 
(They had not received explicit. instruction on this concept*) F9r . 
.f example, in using the 'balance to solve 14 - Q C] - ' i^^V could 
shofw i4 oh the left side as 14 units or 1 long and 4 ^i-ts,,_immeai- 
ately put a long on the right side (they know* that 14 > 10); write 
10 in first box, add units" one at a time to the 'right side until it 
balahcetT, ,and then count the units on the right sideJ)efore writing 
4 in the second box. 'o . ^ 

Addition, Subtraction, Missing Addends: 7^ Sum/Minuend-^ 10 * 

A. ' Concepts and' skills, taught in this unit included?^ ^. ^ 

1. Concept of sum families — finding all solutions to "equations of the' 
form a •= Q + . ' \ . 

2. Skill in solving Addition problems, Q = a + b. 

3. ' Skin in solving addition problems with 3 addends. 

4. Skill in using = and ^ *to complete seiltences of the form a Q b + c 
or aQb + c"+ d. 

5. . Concept of the truth value of an addition equation. 

, 6.' Skill in solving missing addend problems of th^ f orm a = b + Q , 
. a=[j-^-b, a = b+ c^Q , a'= b + Q + c oV a = Q b + c. 

7^ Skill in solving subtraction equations of the'fom = a - b or 

a = b- Q.- ' ' 

8. Skill in using = or 7^ to complete sentences of the form a(^b - c. 

9. Concept of the truth value of a subtraction equation. 

3. Observations of the students* oehaviors included: ^ 

1. Except for two students '(Da, A) , the students had a <Jpod command of 
the addition facts with s,^ms 6 or less. That is, these five students 
had memorized most of the easy a^^diii^^ facts^ The two students who 
ha'd not leai^aed the easy facts receive\ ad(5itianal ^driil on the easy 



facts while learning the harder facts; 

'Students had no difficulty in extentjing the computation of addition 
facts- to sums through 10. Three students (D, M) computed the 
harder facts without the aid of a balance* They used theit fingers, 
but they 'could demonstrate the' computation process on the balance 
when asked to do so* 

Two students (D, M) could make up addition problems with sums greater 
than .10. * ■ , 

Students had no difficulty with 3 addend addition problems. 

Students demonstrated that they could use » and ^ to complete senten- . 
ces of the form aQb + c. Except for 2 students (D, M) the students 
used their balances. Interestingly, most students counted the units 
on each side of the* balance to determine whether to use = or ^, rather 
thai) relying on the positi6n of the pans. , . 

Students could determine tiie truth value of an addition equation* 
Given an- equation and an inappropriate balance' model, the st\i3ents 
would not say that the model was wrong. Rather they would describe 
the problem^shown on- the balance then tell how it should be chcinged 
to make it show the wri<tten equation. • ^ 

Students had ao difficulty "With^niissing addend problems. Except for 
^two students (D, M) , the students used thr^ir balances. • 

In solving missitig^add^nd 'problems, grouped by sum families, the stu- 
dents ^ would leave ^Te^ sum. s^t on the balance and construct only the 
addend sets.' 

Students had* no 'difficulty in solving the harder s\±)^fcrat;tion problems. 

Most inc^orrect responses were ,due to counting errors rather than mis- 
conceptions. ^ 

Occasionally a student woul ' reverse the pans on his balance, that is, 
put the 2-region *'pan on the left side. This change, however, did not 
cause the students problems in, solving equations. 

'At the end of the units students were beginning to discover more^ ef-' 
ficient ways of constructing balance problems by modifying an. existing 
^aodel to solve the. next problem. For example, having solved 8'=» 5 + 3 
on thie balance, 'th^ student would remove one unit 'from the G units and 
add on,e unit to the 5 units, to solve 7 =j 6 + Q . , In other cases 
they would modify' the addend sets on^ the balance to solve a different 
addition problem. For- example, after solving O ^ ^ ^ rather than 
removing the addend sets before solving Q = 4 + 3, they would simply' 
remove one unit from each addend and then determine the sum. 

Two students (D, M) when asked to make-up problems occasionally wrote 
them in the form a + b = c or a - b = c. 
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In solving Addition and subtraction problsnis on a balance/ most stu- 
dents use only one side of the balar.ce; For example, they only count 
the units remaining afta- the subtrahend had been taken away to de- 
termine the difference in subtraction problems* Similcirly, they count 
the addend sets- together without constructing a sepcirate sum set. 

15* Students were introduced to buying/selling^problems. At first, the 
students did not relate these problems to addition and subtraction. 
For-example, when shown an object which cost]2^-'^and another object 
which cost 3C, the students would not accept that the total cost 
. . • could be determined by adding 2 and 3. 

16. Students have no problems with zero as ^aii addend, but most are 'con- . 
fused by zeros in sv±)traction. ^ Specifically, they confuse problems 
of the form Q a - a with problems of the form Q = a - 0 when 
demonstrating the solutions on a balance. The problem seems to be 
tJiat they first mentally determine the answer then took awayj±e^-^ — - " 
answer. To splve Q =9-9, they put_9^units--on the^ight side, 
think 9 take away 9 J.s_zero',"-tak'e away zero, thus tffe answer ^is 9, 

_ _ __.Sijidlarly, the answer to Q = 9 -*'0. ■ ' • - 

17. Except for two students (D, M) , the students had considerable diffi- 
cu,lty in making up problems on their own, even when it was suggested 
that they first show a problem on thei;: balance. ' 'it seemed that they 

- * were hesitant to make a decision as to which nun^bers to use in stating 

the problem^ ^ * " • 

18. 3y the time this unit was completed, all students were attempting t^ . 
work problems" without the aid of a b*^iancef* However, when they en- 
countered a problem th^y could not soive^ mentally or on their fingers, 
they returned to- the balance. In other instances, a student would 

, complete an entire exercise set without using a balance, usually 
correctly,, and then use the -balance to verify the answers. 

19. At the end of unit, when sums of 9 and 10 were introduced, the stu- 
dents were completing the third cycle of being presented addition, 
missing addend, cind 's'ubtraction problems. This spiraling procedure 
seemed to have an adverse affect on. three students (A, Da, N) in that 
these students occasionally misread problems and/or .construct a J^al- 
ance model appropriate for' another type of problem. Prior to- the 
third cycle these students had exhibited no evidence of confusing the 
three types of problems. 

Introduction to Conventional Forms of Writing Problems 

A.. Concepts and skills taught in this unit included: 

c 

1. skill in solving addition problems expressed in the form a 4- b = | | 
or * a . _ 

+ b" - » 



2. Skill in solving subtraction problems expressed in the form 
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a - b = 



3. Skill in solving missing addend problems expressed in the form 
a+ =b, •+a = b,a, . * 

• • . . ±a . - 

•B. Observations of students" behaviors included: 

Students were not introduced to the conventional forms until 'mid- 
April. Their first encounter with such problems .occurred when their 
assignments included pages from a textbook'. None of the students 
experienced any difficulty in interpreting the meaning of the pro- 
blems or;.in reading the 'problems. 

Addition Facts (Sum^lS) 

A; Concepts and skills taught in this *unit included: ^ 

1. Skill in using a balance to find several pairs of, addends which haVe^ 
the same sunv— Find more than one solution for equations of the form: 




. Skill in computing additjion facts, sum greater than 10. 

^^oncept of relationships which estiblishJthe equivalence of two ad- 
^^ition p^roblems — Solve an equati/n of the, form a + b =Q+ c withou 



^ computing sums. 

4. Skill in using =/ ^ # and ^to complete sentences of the forms: 
, aQb + c and a + bQc + d. 

5. Concept of the truth value of an addition equation. 
B.. , Observations of the 'students* behaviors included: 



1. 



The students had no difficulty in finding at least three pairs of ad- 
dends fot each sum: 11, 12, and 13. In completing' the exercises 'che 
students consistently made use of the commutative property. For ex- 
, ample, having written 12 = 7 + 5, they immediately wrotv3 12 = 5 + 7 
as the next equation. One student '(D) used a sequence pattera in com- 
pleting the exercise sets. For example, he wrote 13 - 10 + 3, 
13 = 9 + 4, 13 = 8 + 5, etc. 

Thp students had no difficulty in using a balance to solve problems 
''of the form = a + b. Having constructed- the addend sets on the 
right side of the balance, they v^ould put a ten (long) on the left 
side and add units to make it balancf;. To determine the sum they 
counted on from 10. When the sum was less than 10, the students im- 
mediately removed the -long and replaced 'it with units. After some 
experience in using a balance, some students abandoned the balance 
and began using their fingers as the latter ijiethod was quicker; 
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* others counted the addend sets rather than Constructing* a sum 

.set. ■ . ' I ' 

\ 

3. By the time the unit was completed, only cnej student (A) consistently, 
used a balance to determine sums. One student (D) used his fingers 

or recalled sums from memory. The other students had developed a new*' 
strategy; they used units to construct addend sets but placed them on 
the tablS rather than on the balance. 

4. The students were reviewed each day on basic facts with sums 10 or less. 
Some exercises included missing addend problems. Since the students 
had not en countered, problems of this type for several weeks,' they • 

♦ tended' to treat such exercises as addition problems. 

5. Students learned tcrverbalize a strategy for modifying a balance model 
used to solve one problem to obtain a model for a second problefti. For 
example, the balance model shown 12.-^ 8+5. -To solve « 7.+ 6, 

. they say move one ):nit from the set of 8 units to the set of 5 units. 
They knew the sum was 13 without recounting the siom set. Continuing 
to solve l"^. = 7 + 5/ they would say take one.. unit from the set of 5 
units, and take one unit fro^ the left side (siom) . They would determine 
the new sum without counting the sum set. The above behaviors were 
observed during group d:.3cussions. However, when completing written 
exercises/, only two students (D/'J) used these relationships. , fhe- 
others would complete such exercises as an independent problem. 

6. "Students experienced considerable difficulty with equations which had 

*r^r^ addends on each side of the equals sign. They 'could not at first 
construct appropriate- balance models; they ignored the addend on the 
side which contaiined a box ( ) and wrote the sum* of the addends .5. 
on the other side in the box, e.g., 8 + 5 ~ 4 + ^ ; or th ey w rote 
'the sum of all these ad4^'nds in the box, e.g., 8+5 = 4+ Jl7| . 
Eventually the students learned t". construct balance models and cor- 
rectly conrolete the equations-/ but in doing so they did not use a 
relationship between problems/ even problems like 5 + 4 = PI + 5. 
Except for one student (D) , each problem was solved by triax ^d 
error; that is, they found the missing addend by placing units on the 
balance one at: a time until it balanced, • then they coifnted the units. . 
The on<5 student who did not use the 'trial^tand error strategy used a 
computation strategy. Fpr exanrole/ to^'SB-lve 5 + 8 = 6+ pj / he 
added 5 and 8, then asked himself/ "What do -I add to 6 to get 13?" 

7. When the children worked with problems of the form similar to a + b = 
c + rj / 'the balances were set up so that there were 2-;:egion pans 
on each side of the balance. During review exercises the students 
were given problems of the form Q = a + b and, a « b + Q . The 
students made many errors on problems of this type until one of the 
2-region pans was replaced by a 1-reqion pan. Seemingly, the students 
did not — perhaps they could not — establish on their own initiative a 
relationship between the balance model and the written equation. 

In particular,, the seemingly related each pan to a side of the 
equation and did not relate t±e fulcrum (a wooden block on the bal- 
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arice) to the equals sign in the equation. This was evidenced by the 
haphazeiird .manner in which they constructed' or interpreted balance 
models. For example, for solving |77j - » 7 + 6 one student pu£ 7 Units 
on the left side, 6 units on the rignt side, amother unit on the rig ht 
;side, and wrote 1 = 7 + 6. Another student in solving ^3 = 10 + 
.set* up the^ balance to show 13 = 10 + 3, but wrote 13 = 10 + 13. 
Her reason was that it takes thirteen to make it balamce. As another 
example, a student solved 7 = 6+ by putting sets of 7 uni.ts and\ 

6 units on the riqht side and writing 7 « 6 + 13 • Also-, one student \ 
solved 8 + 5 « Qj by putting 8 units on the left side, 5 units on the\ 
right side, and wrote 8+5 = 3. ' * 

This, confvision in relating a balance model to an equation is a 
probabljs cause for the difficulties l|he students had in solving mis* 
sing addend problems. It should be noted that the students were not / 
explicitly iixstructed on how to relate a balance model to an equation, j 
Inferertce's to the relationship^was made in exercises of the following / 
types: (a) The students wer€ as}?ed to/ read an equation and then 
asked, "What does the sentepce tell us to do?" (b) The students were 
shown a balamce model and afa^equation and'-asked, "Does the equation / 
tell us what is shown on^^thebalance?" A possible reaison for the / 
confusion about relating a balance inodeT to an equation was the intro- 
duction of conventional writing forms towards" the end of the year with- 
.out explicit instruction in how to relate an equation like 3 + 4 = / p^ 
tOra balamce model. • /' • 

The students could detect more than* and less than relations, from a 
balamce model, amd they could verbalize a ratipnale for the relation, 
but thevhad considerable difficulty in completing sentences of t^e 
form a^^b + c or a -r b c +* d. The reason for this difficulty was 
that they. did not learn the signs '<Camd>* . To •avoid this difriculty 
they would use the 5^ sign, e.g. 3+851^7 + 5 rather than writing 
3 + 8<C7 + 5. Their rationale for determining the appropriate' rela- 
tionship was based on the number of units on each side of the balamce, 
and not on the position of the pams^ Thus in conpleting exercises like 
9 + 4 6 + 6 they would compute with or without a balamce both sums, 
reason, "13 is not equal to 12," amd write 9 + 4 5^ 6 + 6. 



9. Students had no difficulty in determining the truth value of statements 
like 3 + 8= 7 + 4 or 3 + 8*7 + 5. Todos'd, they computed each sum 
amd then compared the sums. However, except for one student (D) , the 
students generally indicated 'that all sentences of the form a + b <^ c + d, 
a + b^c + d, a <^ b + c, 'a ^ b + *c were wrong. Their rationale- was that 
this was not equal so it must be wrpng-. Likewise, 3' + 9 7^ 10 + 1 was 
wrong because it was 710 1 equal. It, 'atpgeared that the students associated 
equals with being right and not equal with being wrong, except that equa- 
tions like 13 = 7 + 3 were wrong becaqse-the sum of 7 ^d 3 was not 13. 

?lace Value (N 29) ' 

A. Concepts and skills taught in this unit inbiuded: 



1. Skill in rote/ rational counting. 



2. Skills in reading/writing numerals. 

3. Skill in using tens (longs) to cohstruct sets for the numbers 20-29. 

4. '^ki^l in determining the number of a set containing 2 tens (longs) and 

up to 9 units. 

5. Skill in expressing the numbers 20-29 in ^expanded form. 
B'. Observations of students* behaviors included: 

1. Students readily learned rote counting, rational counting, reading and 
writing skills. 

^\ 

2. Only two students (K, Da), had difficulty in learning to count on from 
'20. ' 

3. Two students (A, Da) reverted to nosing only units in constructing sets, 
rather than using a combination of tens ^and ones. 

' * Q ^^y one student (D) is able to complete exercises like 24 = | \ ^\ \ , 
Qj ^-20 + 4 or = 2 tens + 4 without- constructing a balance model. 

5. All students readily accepted 20 and 2' tens as being equivalent. 

Addition with at Leasi: One 2-digit Addend': Mo Regrouping 
Concepts and skills taught in this unit included: 
1* Skill '.n adding 2-digit number 'and a 1-digit number. 
^^2. Skill in adding two 2-digit numbers. ^ ^- 

B. Observations of students* behaviors included: 

1. All students were able to use a balance to find at least^ 4 solutions 
to an equation like 26 = Q + Q . Most students made use of the 
commutative property in determining the solutions. 

-/ 

2. Students xeadily learned to use a balance to solve problems like 

[~] » 15 + 4 and 23 . Only two students (A, Da) apparently did not 
j; 2 

detect the addition algorithm—add ones then tens. Two students (A; 
•Da) worked very slowly and made many errors because they avoided us- 
ing tens (longs) in constructing sees. They have considerable dif- 
ficulty in counting on from 10 or 20. 

3. Except for two students (A, Da), the students learned to use a balance 
to add two 2-digit numbers. These students first counted the tens and 
counted on to find the sum. Only one student (D) detected the addition 
algorithm and worked the problems without constructing a model. 



. Subtraction with 2-digit Minuends:. No Regrouping 

A. Concepts and skills taught in this unit included: 

1. Skill in subtracting a 1-digit nuniber from a 2-digit number- 

2. Skill in subtracting a 2-digit number from a 2-digit number. 
B» Observations of studenrs* behaviors included: 

Only four students (D,'E, J, N) worked on this unit... Three students (E, 
• • J,. N) learned to complete the exercises by constructing an appropriate 

balance model- They used combinations of tens and ones to construct sets, 
^ and took away the subtrahend set by removing tens and ones. The other stu- 
dent (D) quickly detected the subtraction algorithm and solved the problem 
without the aid of a balance. \ 




APPENDIX B 

SAMPLE OF INSTRUCTIONAL 
MATERIALS: EXPERIMENTAL TwiATMENT 
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* Representative lessons, teacher guides and student worksheets from the 
' experimental treatment are included in this appendix. The con^ent of these' 
lessons reflects the development of the following major' topics: equality, 
addition, missing addends, subtraction, place value, and order. This selec- 
tion of lessdns does not include drill exercises or repetitions within major 
''topic^. Rather, the selection of lessons only highlights the important fea- 
tures of the experimental treatment. 
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' IntroducUon^ JJancc2t_of^V^ 

i I'unHKoC;): a) To introduce tJiQ concepts that some object.^ weiiih the same and that 
some objects are heavier than others. 

' ' b) To motivate the introduction of the balance. 
Materials: Ten objects, each with a weight of 1,2,3,4/5, or 6 units; 



\(K-;il)ulaiv: \Vhich one is heavier? 

\Vhich one weighs more? 
Do they weigh the same? 



i 
t 




l.l-„SSON oun.iN 


r 




AcnoN ■ 




QUiusrioNS, niRiiCTK^NS, i-;r:. 







1. Hold up two objects-- different sizes; 
^ weights of 2 and 6 • 



Give objects to a child. 



DO THESE ^STEIGH TI-E SAiVE? 
WHICH ONE IS HEAVIER? 

IX) THEY \VEIGHT THE SANE? 
WHICH ONE IS HEAVIER? 
HOW CAN YOU TELL? 



2. Hold up tw^o objects - different sizes; 


REPEAT STEP 1. 


3. Hold up t\^^o objects - same size; weights- 


REPEAT STEP 1 .| ■ • 




4. Hold up two objects - same size; same 


REPEAT STEP 1. 




^ontinlienjntil someone (including the 
teacher) states that we use a scale or 
balance to weigh objects. 
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HOW MUCH DOES IT WEIGH? 

HOW CAN WE FIND OUT? 

MiAT DO WE USE TO WEIQ-l THINGS? 



lind or ContM 



Introduction of Balance, 



PiuiMv^cM-r a) To. teach how a balance can he used to weigh objects. 



Materials: Ten objects, each with a weight of 1,2,3,4,5, or 6 units< 
A balance for each student - unmarked pans, 
A set^'of 9 unit weights for each student. 

Vocahulaiy: Use your balance to weigh it. 
How much does it weigh? 
IVhat does it- weigh? 
Itv^weighs five units. 



I.ILSSON OlfFLlNli 



ACriON 



1. Hold up an object - weight 3. 
Place a balance on the table. 



QUI isT IONS, i)iRi:(n*rfrs, H'rc- 



Place object in left pan. 
' Hold up a unit 



Add. units to right pan, one at a time. 
Pause after adding each unit. After 
'the 3fd unit, wait until the balance 
comes to rest 



HOW MUCH DOES- THIS \VEIGH? 
HOW CAN \VE' FIND OUT? 

THIS IS A BALANCE, m CAN USE IT TO UTEIGH 
THINGS. 

FIRST, m PUT THE OBJECT IN A PAN. 
THIS IS A UNIT. 



( 

SEE, 3 UNITS MAiGE IT BALANCE. 
HOW MUCH DOES im (OBJECT) \VEIGH? 
IT WEIGHS 3 UNITS. 



2.- Hold up an object - weight 2. 



HOIV. MUCH DOES THIS WEIGH? 
HOW CAN ^VE FIND OUT? « 



Let one student demonstrate the weighing 
process - •. 



WHAT. DOES THE (OBJECT) WEIGH? 
IT WEIGHS 2 UNITS. 



3. Hold up an object - weight 5. 
Let tlie student demonstrate 



ERIC 



WHAT DOES THIS i\'EIGH? 

(STUDEiVT) SHOW US HOW, TO W^IQ-i IT. 

HOW MUCH DOES THE (OBJECT) IVEICH? 
IT WEIGHS 5 UNITS. 61 



ImvI or (!ont'il 



•Lesson Outline Continuod 



ACTION 



4. Giv* each student a balafice, at mo<t 1 
balances per tabic. 

Place several objects on each table..., 



Let the students weigh each object; help 
individuals, if necessary., find the weight 
of '..an- object. 

If necessary, place other objects on the 
table to provide additiorial practice 



NOW YOU CAN USE YOUR B;UA\*C!:S TO W 1(31 
Tl-E OBJEaS. 

WHEN' YOU FIND OUT HOW MUCH SOMl-IULV; 
WEIGHS, lUISE^YOUR ilAND, .\ND TTiLl. Mi". 

wAat it weighs. 
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Ifeight Equivalence \ ' ' 

; .' *• ■ ■ ■ " 

t*i;r|*o.sol>) : -a) to teach techniques^of using a balance to jLtemiac ubcihei jv i.c: 
hso objects have the Siime weight. ^ • 



Nkitcrials: 



Vocabulaiy : 



Ten objects, each with a weight ^^.^l, 2, 3^1, 5,^ or -6 imit.^, 
A balance for each student - unmarked pans, 
A 'setl of 9 unit weights for each student^. 



Do they weigh the saine? 

Do they have the same' weight. 



l.luSSON OUri.lNl . 



A(;ri*^)N ' ' - 


QUI-SnONS. DlKllThWS. 


Hold ugt two object^s, same weight, 


DO TOESE WHICH THE S.-\ME? 


\ 


HOW ^VE FIND OUT? " 


\ 


SEE Witi HAVTE THE SA\1E WtiaTr 



VAX 



NOTE: it is not necessary at this point 
:^6r tk^i^udents^ to Iknbw the actual weight 



X. Give each" .student his balance and weights. 

Place Sjlobjects on the table, 4 pairs 
\>dth objects in each mir having the 
same weight -v.-l - 

Dn thii 



Let the pupils work oh this task. 



FIND W OBJECTS miQ\ \\^\Gr( 
S\m NE THE ORJECTS WHIDl 



3. Hold up two objects which have the same j 

■ weight. ".l I DO THESE WEIC3^ Tlffi SAME? 

• Sha; only one of t4 objects ' i HOW MUCH DOES THiS WEIQr 

• \ I HOW G'xN WE HIND- OLT? : • 

■ / ' - i l\H.\T DOES^ IT WTinH? 

. ■ Hold iro the other objscti / .' ' HOW VIUCH IXJES -IHIS MilGH?' 

• ' ' ^ .\ 7 'HOW V.AN WR FIND OUT? - 



\ 



HOW MICH DOES IT WEIGH? 



ERIC 



HoldXip both object's \. i DO BOTH OF THF^E W7JCH I 

• ' " ■ ' I HOW DO WE KNOW? ■ 

l:iul or Clout M 



/r. 

'•Ml 
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Tntrod uction to Synrmetrical Property _ • ' 

PiMpu^cjl-!: a) To verify that in dv?teriTuning tiiC uoight of an ^,>l\ie(:t, I'hc oi'fv- i 
: ~' " may be placed on either side of the balaiv:e. ^ . 



Nkitcrial>: 



'Vocnbulaiy : 



Balance and set of 9 units for each student - unirarked pan. 
■10 objects, each with a weight cf 1,2,3,4,5,, or 6 iinits. 



'riiis side of the -balance. 

The right side of the balance'. 

Tl\e left side o£ the balance. 



.luSSON GbTlJNl 



ACnON 



1. Hold up an object 

Let a student find the weight 

Remove unit vveights fro/n pan. 
Nfove the object to the other pan. 



QUiSl loVS, l)IRljCTio\S, I TC. 



Let a student weigh the object. 



HOW MUCH DOES TOTS WEIQi? 
IT miQTlS ( ) UNITS. 



HOW MUCH DOES THIS WilQV? 
WILL IT Wlim THE SANE? 

DOES IT STILL WTEIQ-l THE S.-V-E? 



Give each student a balance, a set of 
unit weigt\ts and one object 



WILL IT.IVEIGH THE Si^E ON EITOER SIDE? 



j TO WEIGH SOMETIHNG,- M:\Y WE PUT i 
SIDE OF THE BALANCE? 



PUT YOUR OBJECT ON THE LEFT SIbE. 

HOW MUCH DOES IT WEIGH?" 

NOW, PUT IT ON THE RIGHT SIDE. 

Hm wen DOES it weigh? 

j DOES IT IVEIGH THE SANE? 



Have the students take another object | PUT IT ON THE RIGHT SIDE. 



1 HOW MUCH DOES- IT WEiai?(_ 
' NOW PUl IT ON THE LEFT SIDt. 
' HOW MUCH DOES IT l\Eiai? 
; DOES IT mim THE S.\i\E? 
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V. O . 4, Let. the student weigh 2 or 5 other objects, 
' ,E£JC ■ usihg both sides of the balance. ^.^^^^,^5 



' ' l-.-(v.l 



Recordi ng Weights 



^- Pniposol-^): a) To teach how; to reco.rd_tjie wci,ght of an ol>joct. 



Materials: ' Balance and set of 9 unit weights for _cach student .- uimu-kcd pans. 
- •■ , • 10 objects each with a weight ol l,2,o,4,5, or 6 i^i.s. 
Record sheets - Form 1. / 

Vocahulai-v: Write the weight in the box. / 



i.rSSON OLni.iNT 



.ACnON 


■ QUISIK^NS, DlRliCnONS. 1 


1. Place an object on the left ,side. 

! 

Place a record sheet in front of the 
balance. j 

Point to the right hand hoi on the record 


1 

HOW MUCH DOES IT WEIOi? 

(NAi\e) wRiTi; ™ wEia-rr in thi 






2.^ Place an object on the right side, 

\ 

Have a student weigh the objbct. 

Place a record sheet in front\cf the 
/ balance . 

Point to the left hand box on the record 


1 




• 3. Repeat step(s) (1) and (2) so thkt each 
student will have an opportunity to 
record a weigh- \ 


i 

- - 

1 



"4. Give each student a balance and a set of 
unit weights. ^ 



ERIC 



Place 5 objects on the table. Give each j 
student 5 record sheets 
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IMEIGH 5 THINGS .-VNT) \WITE nOE "All! Q IT I 
THE BOX. 



•••Q ^iiul or ContJiil — 



E-9-1 



Introduce Word Equals 



IHiri^ose(s) : a) , To use the word equals in oral statements to describe the 
relationship between two sets of weights. 



Materials: None 



V-x-ahulaiy: The' weights are equal. 



MiSSON OUTLINli 



AcnoN 


QlJIiSTlONS, DIRECTIONS, HTC. 

— _ . _ i 


Let a student use the balance to determine 
(verify) the answers. 

Point to left side, then r-^ght side 


HOW MANY UNITS? HOW MUCH DO THEY WEIGH? 
DO THESE IVEIGH THE SAME AS THESE? 

1 

WE SAY THE WEiaiT ON THIS SIDE EQUALS 
THE WEIGHT ON THIS SIDE. 

. '■ 




ARE THE WEIGHTS EQUAL? 
WHY? 


3. Place 2 unit weights on left sic^e and 


ARE T!-E WEIGHTS EQUAL? 
WHY? 




ARE THE WEIGHT':. EQUAL? 



IVHY? 



ERIC 



lintl or Cont'd. 
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E-11-1 



Introduce Equals Sign 



Pun^osclsV. a) To use an equals sign in writing number sentences. 



Mater iaLs: Balance for each student - unmarked . 
12 unit weights per students 
Record sheets - Form 1 and Form 2. 

Vocahulai-v: None. 



lj;SSON OUTLINH 



ACTION 



1 

1. Give! each student a record sheet - Form 1.. 

. Place 4 unit weights on right side 

Let al student verify answer on the balance 
and record weights (Form 1) 



QUIiSTIONS, l)IRl:(.Tl()NS, HTC. 



Put equals sign on balances, 



Demonstrate on v.-orksheet. 
Point to equals sign , 



Point to'iSentenije 



IVRITE THE NUMBER OF UNITS ON YOUR 
WORKSHEET. 

^ HOW MUCH DO THESE WEIGH? 



WRITE THE WEIGHT ON YQUl WORKSHEET. 
ARE -THE IVEIGHTS EQUAL? 

TO SHOW THAT THE IVEIGHTS ARE EQUAL IVE 
PUT THIS SIGN BETWEEN ON. THE BALANCES . 

THIS IS AN EQUALS SIGN. 

COPY THE EQUALS SIGN ON YOUR WORKSHEET. 



WHAT DOES THIS TELL US? 

THIS IS A SEVTENCE. 

WE READ 4 EQUALS 4. 

NOW, READ THE SENTENCE FOR NE. 



2. Give each student a record sheet - Form 1. . IVRITE HOW MANY UNITS ON YOUR WORKSHEET 



Place 3 unit weights in left pan. 



ERIC 



Have a student demonstrate on the balance 
68 and record Weights 



HOW MUCH DO THESE IVEIGH? 



SHGV NE^'ON THE BALANCE, 
lincl or ConuM 



E-11-2 



ACTION 



QUESTIONS DIRECTIONS ETC. 



Put equals sign on balance 

Demonstrate 

) - 

3. Give each student a balance and record 
sheets - Form 2. . 



WRITE THE WEIGHTS ON YOUR WORKSHEET. 

CAN WE PUT AN EQUALS SIG^ ON THE BALAN'CE? 

WHY? 

WRITE THE EQUALS SIGN ON YOUR P.^PER. 
READ THE SEI^'CE. 
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MAKE UP SOME PROBLBIS. 
-FOR-EAgj-PEOB LEM FIL L OUT' A WORKSHEET. 
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. 1 

End or Cont'd 



Form 2 



Name 





I. 



\ 
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E-12-1 



'Cons tructing Problems From Worksheets 



'uqioscls'): a) To teach how to construct a balance situation based on information 
\ given on a worksheet, 

b) To teach when to write an equals sign |tc show that two weights are 
the same. 



Materials: Balance for each student - unmarked pans.'^ 
12 unit weights per child. 
l^^orksheets E-11 - E-17* 

Vocahulaiy: Write equals sign between the numbers. 
The weights are not equal. 



UiSSON OUTLINI' 



AcnoN 



/-^ur^syiONvS, niRiiCTioNS, htc. 



1. Show worksheet E-11 



a 0 



\ IVHAT DOES 



THIS WORKSHEET TELL US TO DO? 



Have a student construct the problem on 
tHe balance 



Put equals sign on balance. 



Have a student write = between the boxes . . 



^\;^ THE IVEiGHTS EQUAL? 

DO IVE PUT AN EQUALS SIGN ON THE BALANCE? 

HOW DO WE SHOW TTIIS ON THE WORKSHEET? 

\ 

READ THIS FOH ME. 



2. Show worksheet E-12 



S H! 



Have a student construct the problem on 
the balance 



Use not equal in explanation. 



WHAT DOES THIS WORKSHEET TELL US TO DO? 

\ 

ARE THE i'VEIGHTS\EQUAL? 

DO WE PUT AN EQUALS SIGN ON THE BAL/XNCE? 

DO WE IVRITE AN EQUALS SIGN BETl€EN THE 
NUMBERS? 

IVHY? 



3. 'Give each student copies of worksheets 
E-13 - E-17 
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DO IVHAT THE WORKSHEETS TELL YOU TO DO. 



! IF THE WT.IGHTS 'ARE EQUAL ,|,1\TIITE AN EQU.\LS 
I SIGN BETIVEEN Tffi NUMBERS. 

r' liml 01) Cont'd ^ 

/■ ^ 



E-13-1 



Intro duce Not Equals Sign 



I'uniosclsl: a) To teach how to \>frite a not equals sign to show that two weights are 
not the same. 



Materials: Balance for each student --unmarked pans. 
12 unit weights per student. 
Worksheets E-18 - E-29. 



Vocalmfai-y: Write a not equals sign. 



i.i;ssoN OLrrLJNi; 



1 , 



AcnoN 



0 m 



1. Give worksheet E-18 

students 

Have a student show on a balance \. 

Put equals sign on balance. 



to 



Have students write an equals sign beffween 
the numbers. 



Point to sentences . A . . READ TOIS FOR NE. 



QlJIiSTIONS, DIRECTIONS, HTC. 



\VHAT DOES THE WORKSI-m TELL US TO DO? ' 
ARE TOE ^VEIGHTS EQUAL? 
DO WE PUT m EQUALS SIGN, ON THE BALANCE? 
WHAT DO WE WRITE BETIVEEN TOE^NUMBERS? ' 



2* Give worksheet E-I9 
students ^ 



to 



Have a student show on a balance 




Put not equ-^s aign on balance. 

"^^ Point to sign • 

Point to sentence 
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WHAT DOES THE WORKSHEET TELL US TO DO? 

ARE THE WEIGHTS EQUAL? 

DO WE PUT AN EQU>\LS SIGN ON THE BALANCE? 

DO W. mm. AN EQUALS SIGN BETlvTEEN THE 
NUMBERS? . 

THIS IS A NOT EQUAL SIGN. 

\VRITE TFE NOT EQUALS SIGN ON YOUR PAPER. 



liiKl Cont'd 



E-13-2 



' ACTION 


QLESTIONS DIRECTIONS ETC. 


♦ 


IVE READ 5 IS KDT EQUAL TO 3. NOW, YOU 




READ THE SBVIENCE. 




rri UWAT THF WnRKSHEETS TELL YOU TO DO. 

* # 




IF THE IVEIGHTS ARE EQUAL, IVRITE AN 




EQUALS SIGN BEllVEEN THE NUMBERS. 




iVRITE A NOT EQUALS SIGN IF THE mOHS 




ARE NOT THE SAME. j 


* 

c 

0 

\ 


* 

- 

• 


\ 





\ 



I 



I 

I 

I 
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r 



1 . 



/ 



Practice Writing Number Sentences 



Pur|^oscl>): a) Tcf- teach how to wite a^number sentence which rorre spends to a 

"gj.ven situation on a balance* ; y 



Materials: Balance for each student - unmarked pans. 
12 unit weights per student. 
Record Sheets - 'Form. 1. 

Vocahulaiv: "None. 



1. Give each child a record sheet - Form 1. 
Place '3 unit weights in* both pans 



Have each child complete a' record sheet. 



IJluST.lONS, DIRnaiONS, HTC. 



IVHAT DO m WRITE IN THE BOXES. 

ARE THE IVEIGHTS EQUAL? 

HOW DO W SHOW THIS ON THE BALANCE? 

WHAT DO m \smTE BETiVEEN THE NUMBERS? 

READ THIS SENTENCE FOR NE. 



2. Place "4 unit weights in left pan; 1 unit 
weight in right pan 



Have ecch child conplete a record sheet. 



wmi DO m miiE in the boxes? 

are the IVEIGHTS EQUAL? 
HOW DO \m SHOIV THIS ON WE BAIAN'CE? 
\mT DO IVE. IVRITE BETIVEEN THE .NUNSERS-; 
READ THE SENfTENCE FOR NE. 



' 3. Continue, using the following pairs: 
(2, 5); (4, 4); (2, 3); (3, 2); 
(5, 6); (6, ' 
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I irI or Cunr M 



Si" ^ 



"E-lS-l 



Truth- Value of Statements 



a) To teach techniques for determining whether a statement is true or 
false. 



' Materials: For each student: a balance, uninarked pans,-H npiits, 
' ^ • Worksheets E-30 - E-36. - ! 



• Vocahulaiy: Is the sentence correct? 
. - . * Is the sentence wrong? 




ivsm ouTLJNi; 



I* ' 

5 * 



Acvim 



!• Show- worksheet E-30. 



DenQnstrate on balance. 



Agree oh some method for showing that the' 
stateinent is crue:. circle the equation;- 

4te ^'C or \/ beside the equations. 
Have students mark their worksheets. 



2. Show worksheet E-^l, 



Demonstrate on balance. 



"Passible method: write an X beside the 
equation* Have students mark their 
worksheets / 



QUI 'Sr 1 Otis , 1)1 RUCIJ ()NS>^C . 



READ THIS FORl^E. 

IS THE S&\TE,NCE CORRECT? • 

HOW DOf m mm 

HOW CAN m SllbW -THAT IT IS CORRECT? 



READ THIS FOR Nffi. 

' \ ■ ' ' • • 
IS TOE SE^^^N^ CORRECT? 

HOW DO IVE KNOW? 

HOW CMi WE SHOW THAT IT IS IVRONG? 



Give each student worksheets E-32-36 — 



78. 



HERE .ARE Stt-E SEWENCES. 

WHIQI 0\TS ARE CORJRECT? " WHIa^ ARE" WRONG? 



r.nil or Cont'd 





















i\ 




si * 

■ E-lS-2 


\ . ACTION 


QUESTIONS DIRECTIONS ETC. 


I 






i 

i 




YOUR BALANCE CAN HELP YOU FIND OUT. 
HOW WILL YOU SHOW TH-^VT A SENTENCE IS 


- \ 










CORRECT: mT IT IS MONG? 


* * • 

W. ■ : 












i ■ : 












j 


































r 

% 






* 






79 


• ERLC 






End 


or 


/ 

fnot-'H • , . " ■ ■ • _ ,.3 



E-30-31 



.Name 



5" - i" 
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In troduction to Addition 



5 

ruiposeis): a) To introduce 2-region| pan, 

b) To introduce the union of twp sets. 



Materials: 



For each student: balance; utinarked pan left, 2-reglon pan 

^ 6 unit weights. 

Objects to weigh. 



right; 



Vocabulary: How many units in the blua part? 

How-many units in the yellow part? 
How many units all together? 



LliSSON OUTLlNll 



ACPKW 


QUI uS|- IONS, DIRI-CTIONS, HTC. 


■ i ' 

Have students identify blue and yellow 
parts. Observe that there are 2 parts • 


THIS IS NEW. 

HOW IS IT DIFFERENT? 


Place some units* in blue region and some 
in yellow region to make the scale balance- 


HOW MUCH DOES IT WEIGH? 

HOW MANY UNITS ARE IN THE BLUE PART"* 
HOW MANY IN THE YELLOW PART? 
HOW MANY UNITS ALTOGETHER? 
HOW MUCH DOES IT WEIGH? 


3. Have each student place an object on un- 


4 

HOW MUCH DOES' IT WEIGH? 

PUT SOME UNITS IN THE BLUE PART, AND 

' SOME LN THE YELLOW PART. 

S 

HOW MANY UNITS IN THE BLUE- PART? 
HOW MANY UNITS IN THE^ YELLOW PART? 
HOW MANY UNITS ALTOGEEH£S? 
HOW MUCH DOES IT WEIGfi? 


Have each student describe the balance, 

* 


^ • ^ ' 

-4.- Repeat 3, tising another object. j , • " 



ERJC 



l;nJ or CoAr'cl 



iHin^^'^^^<-H.^^ * (a) To teach recprdlng of the number of units in each region, 
(b) id introduce zero* 



Materials: por eacV student: balance; unmarked pan left, 2-region panTjght, 
Form 3 \ . ~ ^ 

Objects \to weigh. 

Voc:ibulaiy: There ar^ zero units in this part. 



i.i;ssoN omiNi; 



-V- 



ACriON 



1. Give each student a copy of Fopn 3. 
Place an' object on unmarked pan* 
Place SGvaral units in first region. 
(Left part on 2-region pan). 

But not enough tr balance 

Demonstrate recording 



Place units in second region to obtain " 

• a balance 

Demonstrate * * 



Qur.srioNS, diri-ctions, htc. 



KOW MANY UNIT.S IN THIS PART? 
WRITE THE NUMBER ON YOUR WORKSHEET 

IN THIS BOX. 
DOES IT BALANCE? . 

HOW l^m UNITS 'in this PART? ) 
WRITE THE NUMBER IN THIS BOX. 
HOW, MANY UNITS ALTOGETHER? 
HOW MUCH DOES IT WEIGH? 



2. Repeat (I) using another object* 



3, Repeat (1) using anothe^object, except 
in the first step Use enough units to ob- 
tain a balance* * ^ 
State that thete are zero units in second 
region* 



4* Give each student 5 copies of Form 3. 
Have them weigh an- object and record the 
number of units in each region* .**.***• 
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WEIGH Fr/E THINGS* EACH TIM-: 
WRITE THE NUMBER OF IT ITS Us EACH R^RT 
0.^ YOUR WORKSHEET. ' 



I 

I 



>J:hg AddiMnn Sign 



l*liqH")SC(s) : (a) To introduce the addition sign. 



Materials: ,For each student; balance, unmarked pan left, 2-region pan right. 

6 units. 

Forms 3 and 4. 

Objects to weigh. * ' 
Vocahulaiy: we read this: Three Plus Two. 



M-XSON OlTTLINi; 



ACriON 


QIJILSTIONS, DIRECTIONS, HTC. 


I. Give each student a copy^^f Form 3. 
Let a student weigh the object. 

Write f between the boxes ; and have each 


WEIGH THIS FOR ME. 

REMEMBER, THE UNITS GO IN EITHER PART, 
NOT ON THE LINE. 

FILL OUT YOUR WORKSHEET. 
HOW MANY UNITS IN BLUE PART? 
HOW MANY UNITS IN YELLOW PART? 
HOW MANY UNITS ALTOGETHER? 
■HOW MUCH DOES if WEIGH? 

TO SHOW THAT WE WANT TO KNOW HOW MJ^NY 
ALTOGETHER, WRITE THIS SIGN BETWEEN 
THE BOXES. 

THIS IS A PLUS SIGN. WE READ THIS ( ) 

PLUS (_)• 
NOW, YOU READ IT FOR ME. 


2. Repeal (1) using another object. 




3. Give each student a copy of '^orm 4. 
Have each student weigh an object 

- - 1. 


WEIGH SOMETHING ON YOUR BALANCE. 
WRITE THE NUMBER OF UNITS ON YOUR 
WORKSHEET. 

• 33 



ERjC ' lind or Cont'd 



A-3-2 



ACTION 


QUESTIONS DIRJiaiONS ETC. 


•In tum,\ pointing to worksheet, ask each 


READ THIS FOR ME. 

HOW MANY UNITS IN BLUE PART? 
• Hok MANY UNITS IN YELLOW PART? 
'hOW'MANY units ALTOGETHER? 

riUW JlUl/n uuno J-i wc<4.on. • 


\ 

- 1 

\ 
\ 


4. Give each 'student five copies of Form 4 

• 

• 


WEIGH FIVE THINGS* 

WRITE THE NUMBER OF UNITS ON YOUR . 

WORKSHEET. \ 
TELL ME HOW MUCH^EACH THING WEIGHS. ^ 

N 
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A-4-1 



Addition Equation 



IHir|>oscls) : introduce' addition equations* 



Materials: p^^. ^g^^^x student: balance, unmarked pan left, 2-region pan right, 

12 unit weights. 
Form 5. 

Voobulaiy: 5 ^^^^i^ 2 plus 3. 



IJiSSON OUTLINIi 
, 



ACTION 



QlJluSriONS, DIRUITIONS, HTC. 



1. Give"^ each student a copy of Form 5* 
Put 5 unit weights oh unmarked pan* 



Point to box on left side of equal sign. 

;Put 2 units on blue part 

Poiut to first box, right side of equation. 

rut 3 units on yellow part 

Point to second box, right side of equation 



Point to 2-region pan. 



Point to equation 5=2+3. 



HOW MANY UNITS? 

WRITE THE NUMBER ON YOUR WORKSHEET. 
HOW MANY UNITS? 

WRITE THE JUMbER ON YOUR WORKSHEET . 
IS IT EQUAL? ^ 
HOW MANY UNITS? 

WRITE THE NUMBER ON YOUR ^WORKSHEET. 
NOW IS IT EQUAL? 

WE CAN PUT THE EQOAL SIGN- ON THE BAL-U. 
HOW MANY UNITS ON THIS SIDE? 
DOES 5 EQUAL 2 PLUS 3? 

WE READ THIS... 

FIVE EQUALS TVK) PLUS THREE. 
NOW YOU READ IT. 



2. Repeat (1) to show 3=2+1. 



3. Give each student a copy of Form 5 PUT 6 UNITS ON LEFT SIDE. 

1 ^RITE THE NUMBER ON YOUR l^OLCSt^EE" 

j bur 4 UNITS ON BLUE PART. 

i WRITE \HE NIJJIBER ON YOUR WORK. 
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I'.ihI or Cont'd 



\ 



A-4-? 



ACTION 



QUESTIONS DIREaiONS ETC, 



IS IT EQUAL? 

PUT 2 UNITS ON YELLOW PART. 

WRITE THE NUMBER ON YOUR WORKSHEET. 

IS rr EQUAL? 

PUT THE EQUAL SIGN ON YOU R^ BALANCE, 
.DOES 6 EQUAL 4 PLUS 2? V ", 
READ THE SENTENCE FOR ME. 



4. Repeat (3) to show 4=2+2. 



5. Give each student a copy of Form 5. 



6. Let students make up 5 problems and record 
answers on Form 5. 



POT 3 UNITS ON LEFT SIDE. 

WRITE THE NUMBER, 

PUT 3 UNITS ON BLUE PART. 

WRITE THE NUMBER. 

IS IT EQUAL? 

PUT THE EQUAL SIGN ON YOUR BALANCE. 
HOW MANY UNITS DO WE PUT ON THE 
- YELLOW PART? - / 
WHAT DO WE WRITE? 
DOES 3=3-K)? 

READ THE SENTENCE FOR ME. 
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Fcm 5 



Name 
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A-5-1 



Yindi ng Combinations of W e ights 



PinVt'*^o(>) : (a) To teach that a number may be expressed as the sum of more than 
_ * one pair of numbers. 



Matorial>:^ For each student: balance, unmarked pan loft, 2-region pan right, 

12 unit weigh cs. 
Form 5. 



Voc:5i)uhiiv: 



i.i;ssoN ouniNT. 



ACTION 



Give eath child 3 copies of Form 5» 

Place 5 unit weights on-un-marked' pan. ^♦f;:. 



B^ace 4 units on blue par J. 



Place 1 unit on yellow part. 



Remove units frcm^tighn .;ide 



Place 3 units on blue part. 



Place 2 yiits on yellow part. 



88 

Remove units from right sida« 
'Remove equals sign 



ERLC 



Qlii;stlONS, DIRtCl'lONS, HTC. 



HOW'^mNY UNITS? 

l^TTE THE NUMBER ON YOUR WORKSHEET. 

HOW-MANY UNITS ON BLUE PART? 
WRI^TE THE NUMBER. 
IS IT EQUAL? ' 



HOW MANY UNITS ON YELLOW PART? ^ 
WRITe'^THE NUMBER. , ^ 

IS IT EQUAL? 

WE NOW PUT TiIE EQUAL SIGN ON THE BALANCE. 
DOES 5 Eq6aL 4 PLUS 1? 
READ THE SENTENCE FOR ME. 

LET'S FIND ANOTHER WAY TO MA^KE IT EQUAL. 
HOW MANY UNITS ON LEFT SIDE? 
WRIT^ THE NUMBER* 

HOW MANY UNITS ON. BLUE PART? 
WRITE THE NUM'^'^R. ' 
IS IT EQUAL? 

HOW MANY UNITS ON VELLOW PART? 
WRITE THE NUMBER. * . 

is' it equal? ^ ' ^ * 

WE CAN PUT;THE EQUAL SIGN ON TIJE LANCE. 
DOES 5 EQUAL 3 PLUS 2?' ^ 
READ THE SENTENCE. 



PUT 5 UNITS ON THE LEFT SIDE OF ^OUR 
BALANCE. 



'j ' l^ljiKl or ContM 



4 . 



ACTION 



Show completed forms. 



Hive students leave their solutions ^n 
'balance. Ask students to show their 
equation and read it. ^ 



2^ Repeat (1*) using 4 units on lef t ^an. 
Include in demonstration that 4=0+4. 



QUESTIONS r DIRECTIONS ETC. 



WJIITE 5 ON YOUR WORKSHEET. 

WE HAVE TWO WAYS TO MAKE 'THE SIDES 
, EQUAt* ^ 
WHAT ARE THEY? 

NOW FIND ANOTHER WAY TO MAKE IT -'EQUAL, 
WRITE THE NUMBERS ON YOUR WORKSHEET. 



3. Repeat (1) using 1 unit in left pan. 



.4. Repeat (1) using -2 units, in left pan. 

• - / 



*5. Repeat p.) using 3 units in left pan. 



6. Repeat. (1) using 6 units in left pan. 
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A-6-i 



Con structing Balance Pr o blems . 

Pun^oscl>-l: a) To teach techniques for constructing a model on a balance 
to correspond to a given equation. 



Materials: For each student: balance, uncarked pan left, 2-region pan 

right, 12 unit weights. 
Worksheets Al - A7 

r 

Vocabulaiy: 



i:S.^ON OUTl.INli 



; ' Aeri'iON 


/ 

QIJI-.ST10NS, DIRUCTtONS, HTC. ^ 


1. Give worksheet Al to each ^t.udent. . . . 


READ THIS- SENTENCE FOR MB. ' • 


Place All in front of balance ^ 

1 


KOW MANY UNITS DO WE PUT ON THIS SID^C 


Put 5 units on unmarked pan. 


HOW MANY UNITS DO WE RJT ON THE BLUE PART? 



Put 1 lunit in blue region. 
Point Ito yellow region. . - 



Put k units in the yellow region. . 



2. Give vorksheet A2'to eaoh student. 



Check 



HOW MANY UNITS DO WE RJT OK THE YELLOW 
PART? 

DOES IT BALANCE? 

RJT AN EQUAL SIGN ON THE BALAiCCE. 
DID WE MAKE THE BALANCE LCOK LIKE TKS 
SENTENCE? 



READ THIS SENTENCE FOR ME. 

NOW MAKE YOUR BAIANCE LOOPC LIKE IKE 
SENTENCE. 



each pupils work. 



y. Give ydrksheets A5-7 to students. 
90 



,HERE ARE S'OJffi SENTENCES. 

WH/^T DO THE PROBLEMS TELL US TO DO? " 

USE YOUR BALANCE TO SHOW EACH SEOTEIICE. 



A-7-l.i 



^ 'Comp leting^ aquations:' Mi s sing Addends 



.,rui-posc;^>sl : a). To, provide practice an finding two numbers whose sum is 
V ^ giVen number. 



/ 



^MatcrialST For 'each student: balance; unmarked pan left, 2-region pan right, 

12 unit weights-. ' j 



Worksheets A8-A14 



f y v' - Vpeahulaiy: 



I. 



l.liSSON OUTLINIi 



ACriON. 



!• ^ Give a copy of A8 tp each .student. . . . 



Pat 6 units on unmarked Dan. 



Follow student' suggestion. 
Demonstrate . . 



'Follow student suggestion. 



Demonstrate. 



Point to equation. 



2. Give a copy of A9 to each student. . . . 



QlJiiSTIONS, DIRECTIONS, HTC. 



WHAT DOES THIS WORKSHEET TELL US TO . 
"TDOFiffiST?; ' ' 

NOW, HOW' MANY' UNITS DO WE PUT OK THE 
BLUE REGION? 



WRITE THIS NUMBER ON YOUR WORKSHEET.. 

HOW MANY UNITS ON THE YELLOW PART TO 
MAKE *IT,EALANCE* 



DOES IT. BALANCE? 
WRITE THE NUMBERS. 

CAN WE PUT THE' EQUAL SIGN ON THBi^ BALANCE?:- 



NCW, READ THIS FOR ME. 



.92 



,ERLC 



WHAT DOES THIS WORKSHEET TELL US ""0 
DO FIRST?-'' 



ME ON YOUR BALANCE. 



NOW PUT SOME UNITS OK THE .ilUE FA?\ 
WRITE THE NUMBERS. 
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l:iid or ContM. 



' " ' " y 
#" 






. ■ ■ ■ - ••: 












ACTION 




• / >■ ■ . ■ • - - • -i 

QUHSTioNS DiRiarrioNS i-;rc. ' . ^ ; 








bogs IT BALANCE? ^ " ' ■ ' 1 : . '"^ 








.IP NOT, PUT SOME -UNITS OK' THE YEELOW • •.: 
PART. ; " • ■. DI- 




* 




DOES IT BAIANCE?'- / . • 








TO]3E THE laUMBER*' « . / 'J 








HJT THE 'EQUAL SIG^- ON THE BAIAMCeI ^. • 


\ 


Ask each^" student to read his sentence • 








Give copies of AlO-li^- to students • . . 




. .: ^ ■ - , ■ ■ "i^ 

.. HERE ARE SOME WORKSHEETS. - ■ f 
- DO WHAT THE.'w6RKSiffiETS_TELL YOU TO DO. ' . . [ 








•■ » ■ ■ ■ " . ' . '. 




« 








- > ' 1 




*\ 




• 

> 




* 




J 

• ^ / , 




"* ' - ; 
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A-8-1 



Cai^letir ,g Equations :• Finding-Sums 



) : aX To prpvide practice on^ finding, the sum of two numbers,. 



' Material^: For eacl** student: balance, unmarked pans on left; 2-region pan on 

right; 12 units. ^ . - ■ . . 
Worksheets A15-A21. 

''V(K\nbUlaW: "None. ... " , 



MiSSON 

rACriON 

1. Give, a copy of A- 15 to eSch student 

Construct model on balance 

'Foli6w student ' sugges t ions . 

Point to .box on left side of equation. ...... 

* Demonstrate. , " ' ^ 

« 

Point to sentence.. ' '. .. 

* 

2. Give a copy of A- 16 to each student 

i 

3^ Give copies of A-17-A-21 to students..../.. 



oin-LiNi; 



QIJI-STIONS, DIRECTIONS,. KTCi 



mT DOES TOE l^RKSHEET TELL US TO 1X3 
FIRST? 



NOW, WHAT DO WE DO?. 



DOES IT BALANCE? 

CAN WE PUT TOE EQUAL SIuN OM TOE BALANCE? 
WAT DO WE WRITE IN TOIS BOX? 



READ TOIS FOR iME. 



WHAT DOES THE WORKSHEET TELL 1|S TO DO 
FIRST? 

SHOW ME ON YOUR BALANCE.. ' ,. , 
DOES IT BALANCE? 

PUT TOE .EQUAL SIGN ON TOE BALANCE." 
READ TOIE SENTENCE FOR iME.- 



HERE ARE SOME WORKSHEETS. 
CCMJLETE TOE SENTENCES. 
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ng__^. and =^ Jn Addition .Sentences 



Puip^osots); a) To provide practice on using either the relation equals or not 
equals tq^oinplete an addition sent^ce, • 



^tltefials: , For each student: balance, unmarked pan on left; 2-region pan on right; 
.12 unjits. 

Worksheets Ar22-A- 30.. ' . ^ 

Vocabulary: 'None, . • • 

Ax - ■. ' , ■ • 



l-liSSvON OUTLINl- 



"Give a copy of A- 22 to each student. 



\ Remonstrate on balanc^. 



^Ddbhstrate, 



2, Repeat- (1), using A- 23. 



6. Repeat- (1) using A- 24.- 
4, Repeat (1), .using A- 25. 



S. Give" worksheets A-26-A-30 to students. 



QlJI-SflONS', DIRECTIONS, KTC. 



WHAT DOES THIS WORKSHEET TElX US TO DO? 

* ' . - ' 
DOES IT BALAiNCE? 

WHAT-SIGN DO" WE PUT ON HE BAU^NCE? 
WHAT IK5 WE WRITE IN THE CIRCLE BETWEEN' 
'IHEvIO^ERS? > ■ 

READ THIS SENTENCE FOR ME. 



ERIC 



DO IVHAT THE WORKSHEETS TELL YOU TO DO. 
COMPLETE THE SENTENCES. 
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lind or ConiW 



Purpose (s J: 

i 



J^^^!^^-^^'^^"^?^ inisssiiig addend sentences 'and tecRniques 
TOrXsolving siigh pToblems. * \ * - 



-Matei:i'ais:-\"For eaa^tea^f balance, unmarkfed' pan'^W. 2 

• \12 units. \\ , • .^v A 

Wksheets>\.\IAl-2 ^ 

\ * \ ^ * 

.Voc«l)ulary: lijW. many didU^add^ to make it equal? 



\ 

'if ■ \ 

jgion pan right; 



LESSON OUTLINE ^ 



ACTION 



1.- Setfjjp balance so that there are 6 unf 
on, left and_ 2 units on the blXie region.V. 



FoHow stiident suggestion, but shew 
adding 4' units to yellow region. 



2 ; Shew worksheet MA -la. 



Demonstrate. 




QUESTIONS i DIRECTIONS, ETC 



\ 



•'4. 



ARE THE WEIGHTS EQUAL? 

Hcnv DO ;vE mv? 

CAN \m MAKE THEM EQUAL? 





WHAT DOES THIS TORKSHEET,TELL US TO DO? ' 
SET UP YOUR BALANCES. 



NCW MAKE IT EQUAL. 

HCW MANY DID YOU ADD'tD .MAKE IT EQUAL? 
WHAT DO WE; lYRITE IN TftiS BOX? ^ 
READ THE SENTENCE. ' \ 



3. Repeat (2) using vvorksheet MA-lb. 



4. Give worksheets MA 2 ta- students. 



COMPLETE THE WORKSHEETS USING YOUR BALANCF 
TO MAKE SURE YOU ARE RIOfT. 



End or Cont'd 
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'Purposcfs): (a) To dntfoduce the*3-rQgioh pan iii context of solving missing addend 
X . problems. . " " - . 



Materials: ^ For e^dT student: . Balance, unmarked pan on. left; 3-region pan right; 

12 unit^. ^. • < ■ • • . . * 

> ' Worksheet MA6-7 ' • , ' ' 



Vbca'bul ary.; 



7' 



LESSON-OUTLINE 



ACTION 



• . ' QUfcTIONS, DIRECllONSr^ETCr 



1.- Give each st3uent a copy of M/V6. 



Give each student a 3-region pan. 



^ ti, ; 

READ THE SENTENCE FOR NEv« ^ - * 
WHAT .DOES THIS toLEM TELL US' TO DO? 
WHAT DO WE NEED? ■ ■• . 

NOW SHOW ME ON TTiE BALANCE THE PROBLQ^I. 
HOW MANY iXJ lVE ADD TO THE RED- TO' MAKE 

IT EQlJi \L? ■ ■ > 
WHAT DO WE IVRITE I^ THE BOX? 
READ THE SENIE^'CE. . • ' 

DOES 5 EQUAL 2 PLUS 1 PLUS 2? 
WHY? 



2. 
3. 
4. 



Repeat (1) using second problem on MA6 



Repeat (I) using third problem on MA6i o 



Give each student 



-copy of MA7. 



COMPLETE THE PROBLBI USING YOUR RUANCE 
• TO 'MAKE TlffiM RIGHT. 



End or Cont'd 



101 



-/; 



Introduction Subtraction 
IHir|?^>.^o(.^J- (s) To introduce the concept of take away. 



:e^t^t t 



Mci^tcrinls: ^^^^^ each student: balance, unmarked pans; subtraction tray; 12 units. . 



«... 



j_ Vocabulary: Take aiway, . 



ACvT.ION- 



1. Put .:> units on- R side 

Move two units to tray.. .\ 



^Demonstrate. 



2. Pfepeat (1) tQ'show 1^= 4 - 3. 



<^iit! 



LESSON OUTLI-ME 



S.^Have each student put 4«iits on right 
"side .*r. A 



Let. students perform 'task. 



• 4. Repeat, -(-S). to show S-3',,6-3, 4-2, 3-3. 



QUESTIONS, DIRECTIONS, EtC, 



. mv\m UNITS * ' ■■ . . 

IF I TAKE AWAy 2? . 

new DO I PUT ON LEFT SIDE TO MAKE- 
IT EQUAL? 

,SEEj 3 EQUALS 5 'TAKE AWAY 2. T «/ 



IF YOU TAKE AWAY 1, HOW MANY WILL YOCT- 
. PUT ON 3HE LEFT SIDE TO'MAKE IT EQUAL? 



SEE 1 EQUALS 4 -TAKE AWAY 3. 



: ERIC 



End or Cont'd 
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s-2-i: 



•Subtrfet ioh 'Equ a tions 



^jJurjVosc^^^^^^ ^ (a) Tpf teach hoW to write si^tract equations , 



H'i.t4^'i^4^- Fo'^ each student: Balance; unmarked pans, subtraction tray; 12. 



units. 



5 ', J ^ 



LESSON Qim^iNE ' ' 



."* ,r ? " ACTION , 

* - ' ^ - " . * 


- ' r - - _ _ _ . . . . 

QIJESTIONS-, DiRECTIONS, ETC. - 


,l>'Giye each stiident.of copy of Form 8. 




Piit '^r^imits. on right sTde^i. • . .. 


'^aCW MANY? ' - r 




; iteE DO WE WRITE THE NUMBER? 




■.NOW TAKE AWAY .1. 




WfffiFE^K) p aOtf.lHIS? • ' ,\ 




HOW MANY DO- WE PUT ON THE LEFT SIDE . 




- TO MAKE'IT EQUAL.;. ■. , 




'WHERE DO WE WRITE THIS NUMBSl? ' 




- READ Tffi SeJTENCE.i . ^ 


:y^^peat:':(l) to shoW^ 5 - 3, 6 - 1/2 -1, ^ 












> 










• ' . * •* 


•M64 ' . • ■ 





"End or Cont ' d 
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Constructing Balance Models 



Jhir|)()Nr(s.).: (a). To drill on the meaning, of subtraction sentences, by demonstrating 

take away situations on the balance. 



Materials: For each student: Balance, unmarked pans, subtraction tray, 12 units. 
Worksheet SI. . 



yqcabuiary: ShoW me this take away sentence on the balance. 



LESSON- OUTLINfi' 



ACTION 



i. Show first equation on SI. 



QUESTtONS, DIRECTIONS, ETC. 



read this. : ^ • ' . 

show me this take away sentenge on; your 
balance: 



2.. Repeat (1) using other equations on SI. 

6 
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End or Cont'd 
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Sblvirig Subtraction Problems 

Rurposcl'Sj: (a) To teach a'technique for finding the difference. 

(b) To provide drill on solving subtraction problems. 



Materials: For each student: Balance; unmarked pans; subtraction tray; 12 units. 
\ . .^IVorksheets S2-4. . 

Vocabulary:' 

iff ^ • . 

.. - , ' LESSON OUTLINE 



■ . \ ■' ACTION. 

- - . -• / — 


■I' ■ "QUESTIONS, DIRECTIONS, ETC. 


1. Give each student a copy of'SZ. , 

— . J. 

Haye each student demonstrate on scale 

Write^ difference in box. 


WHAT .DOES, THIS PROBLEM TELL US TO DO? 
WHAT DO WE WRITE IN THIS BOX? 

'read this SENTENCE. . . 


2. Repeat C1)n using second equation on S2. 




3\:Have students conplete S3. 




' • <? ' -1 ^ < 
'4. Have students conplete S4. 

• 108 ^ , 


> 



End or Cont'd 
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Name 






Equal Sign in Subtraction Equations 



l?unM)>c(s) r (a)*To provide drill on using equals or not eqOals to complete 
. subtraction equations. ■ 



Nhtcriarjf: por each student: Balance; unmarked pans; subtraction tray; 

i:;^ \ 12 units. ^ , ^ • * 

-^^^ , Worksheets S5 and 6. 

Vocabu I :n*v-r ^^--^ 



X 



LESSON OUTLINE 



Al.TION' ' 



1. Show first problem oh S5. 
'.^'^^Demonstrate on balance. 
Hold up " and signs; .. 



2. Repeat (1) using the ^second problem 
V " on S5. 



'3. Have students complete S6. 



110' 



.QimSTTONS, DIRECTIONS, aTG. ' / 



W}1AT DOES THIS PROBLEM TELL US- TO DO? 

DO'^iife PUT THE * OR ^ ON f HE BALANCE? ' 
WHAT bo \^ .WRITE IN THE CIRCLE? 
READ^iHE SENTENCE". \ / 



> 'Checking Subtraction 



Pun^scfsj: (•) To provide an opportunity for the students to reflect on the 
. , meaning of subtraction 'sentences; . . 



Ntitcrials: For eaoh student: Balance; unmarked pans; subtraction tray; 12 units. 

Worksheets .auiA IL. 

\ Vocabularv: - is this subtraction sentence correct? 

^1 



LESSON OUTLINE 



. ACTION 



1. Shoi/:the first {>rdblqn on , 



Agree on* scfme matking system- 
check or star 



' 2. Show *:he second problem on 



Agree on some marking system - • 
cross 



3« Have t^t\Hents complete St^S^ 



QlfESTIONS, DIRECTIONS, ETC. 



READ THIS SENTENCEv 

IS THIS SENTENCE CORRECT? 

HOW do- WE KNOW? . ^ ^ 

SHOW .ME ON YOUR BALANCE. 

' HOW DO WE SHOW ON THE, PAPER THAT 
IT IS CORRECT? 



READ THIS SENrENCE.|^ 

is IT COJIRECT? "^'^N^'^ 
HOW DO YOU KNOW? 
SHOW ME ON YOUR BALANCE. 



HOW DO I^E SHOW ON THE PAPER THAT 
IT IS NOT CORRECT? 



CHECK "EACH SENTENCE. 

ON' YOUR PAPER, SHOW THAT IT IS 
CORRECT OR NOT CO?^RECT. 



-1-1-2- 



S14 



Name 





ft 



/I 
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Relating Subtraction -Equations to Nfodels 



hn-|u> (a) To provide an oppqrtimity for the students to reflect on whether 

or not an eqjuation and a 'balance modol are appropriately* related. 



mtorials: For each student: ^Balance; unmarked pans; 12 units. 
Worksheets RT9-10. 




ibulcirv: 



Li-SSON OUTLINE 



ACTION 



1. Give-each student a copy of RT9. 
Set up' balance to show 3 = 5-2. 



2. ■ Set up balance. tQ show 1 = 4 - 3. 



QUESTIONS, DIRECTIONS, ETC. 



READ THE SENTENCE. 

DOES THE SENTENCE SHW IVHAT I DID ON 
THE BALANCE?" 



READ^ SENTENCE." 

DOES THE^SENTENCE SHOW IVHAT I DID ON 

THE BADWGEt^,^' 
WHY? 

IVHAT DO ^VE CHANGE TO MAKE IT CORRECT? 



'3. Set'iq) balance to show 2 = 5-3. 



4. Set i^) balance to- show 1 = 6 - 4 »i 



114 



READ 'IHE SENTENCE-. 

DOES THE SENTENCE SH3W WHAT I DID ON 

THE BALANCE? 
WHY?. - " . 

WHAT DO WE CHANGE TQ MAKE IT CORRECT? 



RE^ THE SENTENCE. , . 
DOES THE SENTENCE SHOW-WHAT I DID ON 
THE BALANCE? 

w? % - ■ - 

WH'XT DO W5 CHANGE TO MAKE IT CORRECT? 



ERJC 



RT-3-2 



ACTION 



.5. Give each student a problem from RTIO..: 



QUl-STIONS, DIRl-aiONS, I-TC. 



Set Up 5 - 3, 5 1, 6 - 2, 6 - 4, 
. 4 : 3,'. 4 - 1, 6 - 3. 



Wm \h\S TUT: SENTENCE miCH SHGVS THIS ^ 
PIWBLBl? 



ft 



er|c 
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,Sums Families: Seven and Eight 



C ^ 

hir|)uscij!fj : (a) To introduce sums o.£ seven and eight ♦ * - 

* (b)--To provide drill on finding number pairs which have a siim of seven 
or eight, * . , " 

(c) To-proxide additional •drill with sums six -or less* 



Mitcvials: 



Vocabul nrv 



For each student: Balance; .immar.ked pan left; '2 or 3-region pan right; 

16 units. ■ • . ^ . 
Worksheets: A121-126. " ' . . • * ■ 



LESSONTbirrLINE 



ACTION 



1. 'Sho*! the fii 



first problem on Al21, 
Denbhstrate on balance. ,» 



llfF^TIONS / DIRECTIONS ,, I;fc;-1 , ... i 



READ 'IHfe- SBfTENCE. ' 
iVHAT DOES THE 'WORKSHEET TELL US TX) DO?* 



HOW DO WE GO^P.LETE THE, SENTENCE? •■ 
READ THE 'SE^rrENCE. % ■ ' ?. 



■2.- Repeat (1) using the othur problems on 
• Ai21.. 



3. Have students conmlete worksheets A122- 
. f26. ■ ■ ^ 



c 
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118 . 





I.ERIC - : V 



123 



; . . , 


■ -• . " ■ . . ■ . , 

' ' ' GL-1-1" j.-:. ■ 


1 ' \ Introduction to Greater and Less, 


•r . ■ . ^ ■ ^ . ■; 


^ PuTT^osclsJ: (a) To provide practice on constructing sets with -more 

[. - , * (fewer) meiriers than a given set. \ " ' 


^ • warcriais. hor eacn pupil: Balance; urunarxed pans; 20 units, . 

H , ' ' : ^ . ^ ^ y . I 


f'_ Vocabulary: Put more (fewer) units on the Other side", . 1 . ' ^< 
L '^ "' Kow do you know that there are more (fewer) units?" ^ . ' ^' 

' ' * ; S* is greater than 4, . . * • . - . ' 
I ' , • - 3 is less than S» . . • f 


; r : " ' ^ . ' " LESSON OLfTLINE ' . ! ' 


r 1, s\\^ I IV/* 1 


^JUcoliUIMo, UlKcLllONo, ETC. 


- 1. ' ' ■ 

'■• - Continue discussion until students 

vcruaiizc L reasons • une oasea on trie 
*^ ■ . . position of the balance and the other 
\ ' ' based^on* number. ^ , • 


PUT 3 UNITS ON THE L-SIDE. 

PUT MORE UNITS ON THE R-SIDE..", ' . ^ . 1 

HOW DO YOU iQsOW THAT THERE ARE NDRE 

UNITS ON -mE R-SIDE? • • ■ : 

HOW MANY ON L'^SIDE? ' ~ - , ■ ' 
HOW MANY ON R-SIDE? ' — 
( ) ISGREATER THAN 3. 


i 2. Repeat (1) using 12 units on R-side, 


.> 


" ' -S.- . 

Two reasons: positive of balance and 


PUT 5 UNITS ON THE L-SIDE. . 
PUT. FBVER UNtTS ON THE R-SIDE. 
HOW DO YOU KNOW HiAT THERE 'AI^ « ? ' * : 
FBVER UNITS ON THE R-SIDE? 
, HOW MANY ON L-SIDE? . . * . ' 
HOW ^^ANY ON R-SIDE? . . '" 
( ■) IS LESS'THAN S; • ^ 


4. Repeat (3) using 14 units on R-.side, 




* , 

122 ' ■• ■ . 


I ♦ » 


i O ' ' . End or Cont'd " ' - 

\^ J . : ^ ■ . 121 ' ' .'• \. J 



■ -.PurpqscCs'J: (a) fo introduc^e the greateix.than symbol. 

, ; . . CbJI. To provide practice on using the balance- to ^how the 
, . .• greater. .than relation. 



Materials. For each student: ^ ^^lapce; un-marked pans, '^greater than sign; 35 imits. 
^ * ' Wbrksheets GL-4, :5. * ' 



yocal^;ilary; 



. ... . I' 



ACTION 



1.. Show first problemton GI.-4. 



Give each child 
Holdcij} 





JLESSpN. OUTLINE 



• I. 

Point to second problem on'GL-4, 



2, Show, third problem -on GL-4. 



Point" to foijrth problem on'GL-4. 



~1> 

■ i 



QUESTIONS, DIRECTIONS, ETC. 



READ THIS SBJTBICE. 

SHOW THIS ON YOUR BALANCE. 

ARE THF SIDES EQUAL?" ■• *. 

•DO' WE PUT-AN HJUAL SIGN 6n THE 'mmSP. 

liilS- Is'^A GREATER THAN SIGN; 
POT'lHIS SIGN ON YOUR BALANCE. 

WE READ: ^ FIViE JS GREATHl THAN .•. 

WHAT DQ,4VE WRITE IN THE CIRCLE TO SHOW 
THAT-'S IS GREATER THAN THREE? • 

READ THE SENTENCE. 



READ THIS SiNTENCE, 

SHOW ON fOUR BALANCE. " ' 

WHAT.- SIGN DO WE PUT ON THE BALANCE? 
WHAT DO WE WRITE IN THE CIRCLE? 
READ THE' SENTENCE. ' "■ • 



3. Have students cdnplete GL-S:. 



\ 



GL-6-1 



• . ' Cbinparing'Numbers 



PurposcfsJ: ■ (a) To provide practice on completing sentences using '=,<,>. 



c . 



.-Materials: 'For each student: Balance, un-marlced pans; equals, greater than 

and less than signs; 35 units". 
■ . Worksheets''GL-8,9. 

^Vocabulary: I , ■ . ' - 



LESSON OUTLINE 



. . ' ■ , ACTION 


C QUESTIONS, DIRECTIONS, ETC. 

c 


1. Show first problem on GL-8 


SHOW THIS ON YOUR BALANCE.- 
WHAT SIGN DO WE PUT ON, THE BALANCE? 
WHAT DO WE WRITE IN THE CIRCLE? 
READ T^ffi SENTENCE. ' 




1. Repeat (1) using other problems on ^ 
GL-8* * 

' — ' : > 


V ■ • ' ■ 

t - - 


3* Have sUidents conplete GL-9.' 




> 

- • « * 


*» • 
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' Purpose (s J 



(a) To^ establ,ish that one ten is equivalent to ten ones. 

(b) To establish that any two longs are equivalent. « 



Nlaterials: 



. Vocabulary: 



'For 6ach student: .Balance; unmarked pans; 35 units, 3 tensC 

r • 

One ten equals ten ones. ^ . ' 



'LESSON -OUTLINE 



' ^\ ■ - ACTION 


■QUESTIONS, DIRECTIONS, ETC... 


^ — 

Demonstrate . 


PUT ONE OF THESE ON THE, LEFT SIDE. . , 

IT EQUALS HOW iMANY UNJTS? 
THIS IS A' TEN. 
READ THIS. 


^peraonstrate. \^ 


?UV 9 UNITS ON LEFT SIDE. 
PUT 1 TBI ON RIGHT SIDE. 

.\RE THEY- EQUAL?. 
HOW DO \m iMAKE TKEM EQUAL? ' 
SEE 1 .TBI IS ONE MORE THAN 9. 
9 IS ONE LESS THAN 1 TEN. 



Follow student suggestions, but show 
taking one from eleven 



P^T 11 UNITS ON LEFT SIDE. 
PUT. 1 TEN. ON RIGHT SIDE. 
ARE\^ EQUAL? 

■ \ . ■ 

HOW DO WE\MAKE. THBl EQUAL? 
SEE 1 TEN IS ONE LESS THAN 11, 
11 IS ONE MjRE THAN A TEN. 



ERIC 



End or Cont'd - 
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i '. . * " * 

4-- - r 


PV-1-2.. • * • 

\ % ' 


' • ■ . ACTION 


QUliSTIONS, DIREOTONS, ETC.' ' „: 


: " 4, , '* ■ - ' • 


PUT-e^E TEN ON H^E LET SIDE. " .« ' • * 
.PUT ONE. TEN ON THE RIOTT SIDE. ^ 


r; • ' Demonstrate on balance. , ' 

,\ . * • * . .J 

\ ' . , * ' : . 


ARE THEY EQUAL? • • ' ' 
HOW DO WE KNOW? 


^ - 


* ■ 




- IV— 


. t . * .* * 




r 

♦A 

. . . ^- - 

* 


- 

r 

* ,«•,**• 


^ / 

- ' ■ ? 
. . , > • 
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Intrcxiuce Expanded Form 



: 4PuTposc(sJ:- (a) To provide drill on expressing a number 10-19, as the sum of 1 ten. 

and' a number "less than 10^ . ' * - 



Materials: Tor each student: ^Balance; unmarked pan left; 2-region pan right; 

' 35 units, 3 tens. ^ ' ' . - 

. ^ Worksheets PV-4,5. - ^ ^ * • 

Vocabulary: ^ • * 



tESSON DUTLINE 



ACTION 



lo Show first .problem on PV-4. 



Follow ,student sugges.tions and complete ' 
first sentence. " ' 



Follow^ student suggestions and cdnrplete 
second* sentence. . * . — 



. Follow, student suggestion and conplete 
third sentence. 

Stop, if 13 » IP + 3 and 13 = 1 ten + 3 
are shown. 



2. Repeat (1) using remaining problems on 
' PV-4; 



3. 'Have students conplete PV-S. 



QUESTIONS, DIRECTIONS, ETC. 



READ/THIS SENTENCE. . ' . ^ 

WHAT^DOES IT TELL US TO 10 0N« THE BALAIJCE? 



IS THERE ANOriHER ^ TO MAKE IT EQUAL? \ 



IS THERE ANOTHER WAY JO MAKE IT EQUAL? 



ERLC 



End or Cont'd 
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Relationships amon g addition f'^dts . . * 

^ ' ~ ! / ♦ .. ■ ' 

Pun)t)s<;(.s)i - (a) To teach relationships imong addition prob.lems which provide 'a bnsii 
. _ for deriving a sisn from a knovv-n-fact. . • 



"Materials : Same- as A- 31 . 

' *• VforksHeets A*l?i5-148 



Vocabulary: 



r 



LESSON OUTLINE- 



ACTION- 
— V- 



1. Show problems in left coltnm on A 145. 
Demonstrate on balance. 



QUESTIONS,. DIRECTIONS, .ETC. 



READ THIS FOR ME. 

WHAT DOES IT TELL US TO DO? ' ..■ 

"what IS^ THE ANSl^R? 
WHAT DO WE WRITE IN THE BOX? ' . 
. READ THE SENTENCE POR ME. 
- DON'T TAKE UNITS .OFF OF THE BALANCE. 



2. Point to second problem-left column' 
■ A 145. 



> 



Demonstrate, take one unit from J^el low. 



READ THIS FOR ME. 
■ HOW-CAN WE OlANGE THE BALANCE to' 
- • aCW THIS' PROBLEM? 

WHAT IS THE ANSWER? 

WRITE IT IN THE BOX? 

READ THE SENTENCE FOR MEi 

DON'T TAKE UNITS OFF OF THE 'BALANCE. 



3. Continue- (2) with -remaining' problems 
.. in left column A 145. 



4. Have students conplete A 145-148.; 



LOOK FOR WAYS.:0F CHANGING THE 
BALANCE TO ite NBV PROBLENS. 



* 

End or Cont'd 
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•PtirposcfsJ : (a) To teach relationship^ among addition facts. 

Materials: ^Jijjg^^student:^ ^Balance; 2-region pans on both sides, 35 units; 2 tens. 

« . . ' - ' 

Vocabulary: - / ' - . 



•LESSON OUTLINE ' 



- ACTION . 


QUESTIONS, DIRECTIONS, Etc. " 


1. Show first problem on 149. " ' 
Demonstrate on balance.' 

Demonstrate on balance. 

V 


RE/>J) THIS SENTENCE FOR NE. 
WHAT DOES IT TELL US TO, DO? 

HOW MANY UNITS DO IVE PUT ON THE 
R-SIDE TO' MAKE IT EQUAL. 

CAN YOU THINK OF AN EASY WAY TO . ' 
' FIND OUT? 

• WRITE THE ANSWER IN THE BOX. 
READ THIS FOR NE. 


2. Use procedures in <1) to cIo second 
' problem in A 149. 


• 


. 3. ^Have students con^ilete A 149. 


* 


4. Have students conplete A 150-152. 


1 

/ 

r 

133 



ERIC 



End or Cont'd 

13S- 



GL-10-1 



Comparing sums. 



•PuiposcfsJ: (a) To provide practice on completing 'sentences using «,<„> . 



.Materials: Same as A- 35. 

Worksheets GL 14-15 



Vocabulary: " - 



. LESSON OUTLINE 



1 

- ACTION 


.QUESTIONS, DIRECTIONS, ^ETC. 


1. Show first problem on GL-14 
Demonstrate. 

• 


WHAT DOES IHIS PROBLEM TELL" US TO 
DO? 

WHAT SIGN do" WE PUT ON THE BALANCE 
WHAT DO m IVRITE IN THE CIRCLE? 
READ WE- SENTENCE FOR ME. " 

• \ ^ \ " 1 » 

\ 


2, Use. procedures in (1) above to 
conplete GL-14. 


\ 

■\ 


3* Have students conplete Gl, 15. 




* 

• 

i9 


» 
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Purpose Cis): (a) To teach tiie expanded fom' of the numbexrZd-^. ^ 

Materials: por each child: Balance; unmarked pan Left, 2 regions pan right; 3S 
xmits; 3 tens. °. • ^ 

Worksheets PV 9-11. , ■ 
'■ * ' . 

Vocabulary: . 



LESSON OUTLINE 



ACTION 



QUESTIONS, DIRECTIONS, ETC. 



l._. 



Denonstrate by putting 2 tens. 



POT 20 UNITS ON THE- L-SIDE. 
POT SOMETHING ON THE R-SIDE TO 

. MAKE IT EQUAL. 
HOW MANY ON EACH SIDE. 



2. 



Denonstrate. 



POT ONE MORE UNIT ON THE L-'SIDE. 
HOW MANY UNITS ON L-SIDE. 

arr -scmething on the r-side to make 

IT EQUAL. 

how-many on each side. 



3. Continue (2) with numbers through 29. 



4. Show first problem on PV-9. 
Demons trate. 



. read this for me. 
what does it tell us to do? 

WHAT DO WE WRITE IN THE BOXES. 
READ- THE SENTENCE FOR ME. 



S. Continue (4) with second problem on 
py 9. 



End or Cont'd 
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INTERNAL EVALUATION POSTTEST 




Part- 1.« ^ 

Directions: WORK THESE PROBLEMS. 



A. -3 + 



1= □ 



3 

+5 



0 ^ 1 = □ 



-4- 
+2 



5 + 2 



□ 



6 



2 + 2.» □ 



1 
+7 



.7 + 0 = □ 



1 
+1 



7 + 2 = □ 



5 
+4 



1 + 6 = 



■ 7 
+1 



4 +.3= □ 



B. 4 - .2 = □ 



5 - 2 = □ 



8 

-1 



7.-5 



6 
-6 



3 - 1= □ 



7 • 



8-4=0 



6 

-0 



2 : 2 = □ 



6 
-2 



0= □ 



-J 



7 

-2 



C. 9 + 3. = □ 



+6 



8 + 5 



& 
+3 



7 + 7 = □ 



0 

+6 
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A* Balance:, No pans on balance, but two l-:egion and t\vo 2-region pans 
beside the balance* 

« 

Place the following card ih front of the .student: 5 + 4 =. .Q 
J- • "say:. READ THlS i^OR • . . 

. ^ ... SHOW -IT QN THE BALANCE. ^ ' 

IVHAT DO IVE IVRITE IN THE BOX? (Allow student to write ans^^^er.) 
READ n FOR NE... 

Remove pans from balance. - * » ^ 

* • • 

Repeat above with the following cards: 
'□-9---3 " 8=C]+'3 6-6=a 7+5 = 5+D 




24 



Balance: 1-region pans on both sides 
Place the following card in front of the student: 
.y: PUT THIS MjWf ON n€'"l-SIDE. 

HOW MANY? ' • * - 

^DRE ON THE R-SIDE. 
HOW MANY? 
\ 

Set up balance to show 5 = 3 + 2. 
Say: IVRITE A SENTENCE TO SHCIV mTvIS ON THE BALANCE. 
READ YOUR SENTCNCE. 

'.VHY IS n EQUAL (NOT EQUAL, MORE, LESS)? 
Repeat above using this following problems: 



4=4 



3 5^ 3 
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Part III. ' 

■ ■ V 

A. Balance: No pans on balance, but t:\v-o l-region pans .and two 2- region 

pans beside ^*the balance. ^ 

Place the following card in front of the student: 8 ^^.5 3 ' ' 
Say: miTE SOMETHINd IN TTIE. CIRGLE .TO MAKE U RIOTr. 

.HOW DO YOU KNOW TH^- U IS RIGHT? ' ' . 
Remove pans frjom balance* , - 

« • Repeat using the follo;^ing cards: 

7 + 209 uQs 3 + 7 

B. Balance: I'-region pan lefc; 2-region pan right. 

Place the follovying card in front o£ the student: Q * 2 tens + 8 
^Say: SH3W THIS ON THE BALANCE. . - . . " . : 

'AHAT DO V/E miTE IN THE BOX? (Allow- student to' write ariswer.) 

READ IT FOR i\E. 

» « 

, ■ Leave. balance setup. / . . . ■ 

' Placfe the following card in front of the student: Q,- = 20 + 8 

/ ' > • • . 

Say: SHOW THIS ON THE BALANCE. ' 

WHAT DO VdVRlTE* IN THE BOX? (Allow student to 'write answer.) 

READ IT FOR NE. ^ ' . , 

C. ' Set up balance to show 12 - 7/+ 5. ' 

, Say: WHAT DOES TOE BALANCE. SHOV? ^ ' 

■I^eave balance set up. " 

Place the following card in front of student: 11 - 6'+ 5 
Say: SHOW THIs"aN THE BALiNCE. 
Leave balance set up. ' 

Place the following card in front' of student: 11-5 + 6 
Say: Sj^V THIS ON THE BALANCE.. * 



Part"IV. 



•A. ..Balance: .No pa©s on balance, but t\tfo 1-region and two 2-region pans 
' ^ ~~ 'beside the balance., . • 

.. ■ ' ■ ^.?lace the following card in front of the student: [TJ = 3 + 7 

♦'.■"Say: READ IHIS FOR ME. ' ' ^ ' 

. ' .« • SHOW rr ON the balance.. . • ' ' • 

• vlvHAT. DO ^VE IVRITE 11^ THE .BOX. (Allow student to write answer. 

READ rr FOR NE. ■ *' • ■ 

^ . * • • ■ * - 

• Remove pans* from balance. 

, • • • < ' ' ♦ ^ • 

^ Repeat above with! the following cards: 

s-s-O'-^' *9-C]+ □ □+•4-7 ^n-e- 

B. Balance:' 1-region. pans on both sides. . . 
Plage th^ following card in front \)f "the student : | 18 | . 

• ■ . Sayr^ PUr"THj§ MANY CN THE L-SIDE. 

HOW "MANY? • ^ V ' ■ ' / - . 

. PUT LESS ON THE R-SIDE. ' . , • . 

, , HOIV MANY? • ' 

C. Set up balance 'tQ show .10 = 6 + 4 . ' 
Say: KHAT DOES THE BALANCE ShGV? 
Leave balance set up. . ^ 

Place the following card, in front of student: . H * D 
'__Say: S:ra5f_ THIS ON THE BALANCE.. 

.FILL IN THE boxes;'' ' ^ , ' . 

D. Place 2 dimes and 3 pennies in front of student. 

Say: HOW MUCH MONEY? * • 

• Leave money on table. * • 

/ . 146 Place 1 dime and 7 pennies in front of student. 



■I- . 



Part IV, '(continued) 



% 



D."" (continued) 



Say: HOT MKH M)NEY? ' • \ 
Leave nwney^cn table, i 
Point to both piles of moae^^. 
Say: ViilCI PILE HAS i\DRE ^DNEY? 
HOW DO YOU KNOW? \ 
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1.. (a) . Show card: 3 * □ + □ 
^ Shy; -READ THIS FOR m. 

h Wm. SONEffllNG TO MAKE IT' OKAY. ' • - - : 

READ raiS FOR ME. • , ■ 

IS, IT OKAY? 

. ,. (b). Repeat (a) three more tiroes, saying:, WRITE SOMEIHING DIFFERENT' TO 
, . • , _ - MAKE IT OKAY. 

2'..; Show card: Q = 4 + 2 

Say: • IVRITE SONEIHINGJO„.MAKE H OKAY. • .. 
-/ '^m^ll FOR NE. ' ■ 



IS n OKAY? • 







sOs + 2 


4. 


Repeat 2, shCTdiig.£ard: 




5. 


Repeat 2, shewing card: 


^Ql> + 2 


6., 


Repeat 1, shc3wing card: 




7. 


Repeat 2,/ showing card: 

• 


2 + 3=0 


8. 


Repeat 2, showing card:" 


1 + sQt 


9. 


Repeat 2, showing card: 


3 + iQs 


10. 


Repeat 2, showing card: 


2'+ 


11. 


Show card: 3=3 






Say: IS IT OKAY? 




12. 


Repeat 11, showing card: 


6 = 2 + 4 



■"I 
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|;- v. 13, Repeat 11, showing card: 3 + 4 ^ 5 > 2 



'14, Repeat 11, showing card: 2 + 3 = 5 1 



"1 
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APPENDIX E 



EXTERNAL EVALUATION: TEST II 



ERIC 



!♦ Place the following aids on table: beans, sticks,. un.i fix ci>es, and blocks. 
.Show card: . 5 + 3 = CU 
.^^Say: WORK THIS PROBLEM FOR NE. (Student wites answer in box.) 

USE ANY CNE OF THESE (pointing to aids) TO SHOT ME 1\HAT THIS PROBLEM SAYS. 



■2. 


Repeat 1, 


shca^ring card: 


9 - 


4= □ 




3. 


Repeat 1, 


showing card: CU = 


4 + 2 




4. 


Repeat 1, 


sho\>riiig card: 


□ = 


= 6-1 




5., 


Repeat 1, 


showing card: 


5 = 


□ ^ 2 




6. 


U 

Repeat 1, 


showing card: 


7 = 






7.. 


Repeat 1> 


showing card: 




H 3 = 4 




8. 


Repeat 1, 


showing card: 


2 + 


□ = 6 




9. 


Repeat 1,- 


showing card: 


7 = 


□ + □ 




10. 


Repeat 1, 


showing card: 


4 = 


□ * □ 




11. 


Repeat 1, 


showing card: 


.□ 






12. 


Repeat 1, 


showing card: 


□ 


- □ =^ 


\ 


.13. 


Repeat 1, 


showing card: 


3 + 


4=D^ 


□ 


14. 


Repeat 1, 


sho'«.' card: 


3 + 


4 =□ + 


□ 



Say: DO THIS ONE IN A DIFFERENT WAY. 



APPENDIX F 



EXTERNAL EVALUATION: TEST III 
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Final Intervj.ew 



June 1976 



Statements (1) • (6) : Interviewer writes in front of the child. EacJi 

statement" is followed by the same 4 inquiries 

(1) 3=3' (a) Read this. 

(b) ' Is this okay? 

(c) What does it mean? 

(d) Show me this with the beans. 



(2) 

(3) 

(4). 

(5) 

(6) 



7=5+2-^ 



3 + 4 = 7<- 



1 + 2 = 2 + 1 
3 + 2 = 4 + 1 
1 + 3 = 4 + 2 



reverse the order for the control group 



Statements (7) and (8) are presented on cards, followed by the same 3 inquiries 

(7) 13 = 10 + 3 (a) Read this. 

(b) Is this okay? 

(c) What does it mean? 

(8) 10 + 5 = 15 



Statements (9) - (11) are giVen orally. Say: I'll tell you something and 

you tell me whether it's okay. 



(-9) 



ERIC 



5 = 4 + 1^ 



(10) 2 + 4 = 6<r 



reverse the order for the control' group 



(IL) 3. + 2 = 4 + I 



(12) Show a card: 3 + O = 5 

Say: What goes in the bo.x to make it okay? 

(iS) Show a card: 6 = 4 + Q 

Say: What goes in the. box to. make it okay? 

(14) Oral: I have three pencils. You have some pencils. 

Together we have five pencil-s. How many pencils do you have? 
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